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Nomenclature

3-vectors are denoted by bold face quantities such as p.

4-vectors are denoted by non-bold face quantities such as p.

cm is the abbreviation for the center of momentum frame.

The lab frame is always identical to the target frame, which is typically the spacecraft frame..
x refers to either the cm or projectile frames.

Subscript ¢ refers to the cm frame.

Subscript p refers to the projectile frame.

Subscript [ or lab refers to the lab frame.

If equations do not have a *, ¢, p, or | subscript, then it means the equation is true in any
frame.

E, or p. or 0, refer to the energy or momentum or angle of an arbitrary particle in the x
frame.

E. or p. or 0. refer to the energy or momentum or angle of an arbitrary particle in the cm frame.

E, or p, or 0, refer to the energy or momentum or angle of an arbitrary particle in the projectile
frame.

E; or p; or 0; refer to the energy or momentum or angle of an arbitrary particle in the lab
frame.

In general, x, refers to the value of the x quantity of an arbitrary particle in the * frame,
and similarly for the cm and projectile frames.

Ej. or pj. refers to the energy or momentum of particle j in the x frame, and similarly for
the cm and projectile frames.

In general, z;, refers to the value of the x quantity of particle j in the * frame, and simi-
larly for the cm and projectile frames.

0jkx refers to the angle of the momentum of particle j with respect to the momentum of
particle k. The angle is measured in the * frame, and similarly for the cm and projectile frames.
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Often, just 6; or 6 or 6. will be written. This is used when we are referring to the angle
of particle j but have not yet needed to decide what the angle of particle j is with respect to.

Consider 1+2 — 3+4. In the cm frame, pi. + p2. = 0 = psc + Pp4c implying |pic| = |P2c| = |Picl
and |p3c| = |Pac| = |Pfe|- Eic, Efc O Pic, Py refer to the energies or momenta of the initial (i.e.
particles 1 or 2) or final (i.e. particles 3 or 4) particles in the cm frame.

B« or 7, refer to the speed (in units of ¢) or relativistic v factor of an arbitrary particle in
the * frame. They are related via 2 = ﬁ, and similarly for the cm and projectile frames.

Bj« or 7y« refer to the speed or relativistic v factor of particle j in the x frame, and simi-
larly for the cm and projectile frames.

B4 or 7, refer to the speed or relativistic v factor of the x frame with respect to the lab frame,
and similarly for the cm and projectile frames. (Notice that no particular particle is involved
here. It’s just one frame with respect to another.)

The quantity o, = % is defined as the speed of the *x frame with respect to the lab divided
by the speed of a particular particle in the * frame, and similarly for the cm and projectile frames.

The quantity o, = g]*i is defined as the speed of the * frame with respect to the lab di-

vided by the speed of particle j in the % frame, and similarly for the cm and projectile frames.

In general, zg refers to zeroth component of the 4-vector x where the components are written
o# = (2°,%) = (z0,%). (The 0 is not a particle label. Particle labels are subscripts 1, 2, 3, 4, etc.)

Mandelstam variable s = (p1 + p2)?.
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Abstract

In support of the development of 3-dimensional transport codes, this paper derives the
relevant relativistic particle kinematic theory. Formulas are given for invariant, spec-
tral and angular distributions in both the lab (spacecraft) and center of momentum
frames, for collisions involving 2, 8 and n - body final states.

1 Introduction

One of the main new challenges in the development of radiation transport codes, such as
HZETRN, is to provide for fully 3 - dimensional transport. This requires 3 - dimensional
cross sections as input. Typically, these differential cross sections are calculated most easily in
the center of momentum frame for nucleon - nucleon collisions, or the projectile frame for nu-
cleus - nucleus reactions. However, transport codes require these cross sections in the lab frame.
Even though there is extensive literature on transforming these cross sections from one frame
to another, there is no reference that provides a complete discussion of this problem or includes
special problems that need to be considered for radiation transport. One very common problem
encountered in the literature is that lab differential cross sections are often written in terms of
center of momentum or projectile variables. This is not useful for radiation transport because
everything must be written in terms of lab variables. A major portion of the present paper is
devoted to this problem. Significant complications arise because double - valued functions arise
and these must be handled with extreme care. For example, two different angles in the center of
momentum frame can correspond to a single angle in the lab frame. Another significant problem
is that infinities can arise in the transformation of angular distributions to the lab frame. These
infinities are rarely discussed in the literature. They are given significant attention in the present
work. The aim of this paper is to provide a thorough analysis of relativistic transformations of
differential cross sections, so that HZETRN can be upgraded for 3 - dimensional transport.

This section discusses the formulation of differential cross sections in terms of scattering
amplitudes, along with the various kinematic factors that are present. The types of differential
cross sections that may be formed for 2 and 3 - body final states are also discussed.

1.1 S-matrix and invariant amplitude

The invariant amplitude is determined from the scattering matrix (often referred to as the S-
matrix), and along with appropriate phase space factors, is used to determine the decay rate dI’
and cross section do differentials. Cross sections and decay rates are fundamentally calculated
from a quantity called the scattering matrix or S-matrix, which is simply the time evolution
operator for future and past times going to positive and negative infinity, S = U(4o00, —00).
The Dyson expansion of the S-matrix is

S = 1+ i %(—i)”/d4x1d4x2 .. 'd4:zn THr(x1)Hi(x2) - Hi(xy))
n=1""

Te—i[der _p =i [T dtH 7 0



where T is the time ordering operator, H is the Hamiltonian and H is the Hamiltonian density.
Cross sections and decay rates are usually expressed in terms of an intermediate quantity called
the invariant amplitude M, which is related to the S-matrix. For the reaction 1 +2 — 3 + 4,
the relation is given by the Particle Data Group [1] and Griffiths [2] as

1
V2E12E52E2E,

(f1S]i) = (pspalSlp1p2) = 1 — iM(2m)*6" (p1 + p2 — ps — pa) (2)

where p is the 4-momentum, F is the total energy, and the initial and final states are |i) = (p1p2)
and |f) = (psps). With the above definition, the Feynman rules give —iM.  In the above
equation, the states are normalized according to

(t'lp) = (2m)°6*(p — P'). . 3)

Peskin defines the Transition matrix 7' (not to be confused with time ordering operator in the
Dyson expansion) according to

S=1+iT, (4)
and uses a different definition [3] (p. 104),
(p1- - paliTIpapp) = iM(27)'6" (pa + p5 — Tpy) | (5)
giving
(fIS1) = (p1- . pulSIpapE) = 1+ iM(2m)6* (pa + p5 — Spy) - (6)

With the above Peskin definition, the Feynman rules give +iM. In the above equation, the
states are normalized according to Peskin [3] (p. 23)

(pla) = 2Ep(27)°6%(p — q) - (7)
For Dirac spinor states, Peskin [3] (p. 59) uses a similar normalization namely,
(b,7]a,5) = 2B (2m)*6% (0 — p')67 ®)

Finally, note that Greiner uses a definition with different normalization for scalar and spinor
states. See references [4] (p. 267), [5] (p. 221);

(£1S1i) = im(2m)16Y( p1+p2—zpz H Tt H@E, LR (9)

where the normalization factors are IV; = 1 for scalar bosons and N; = 2m for fermions. See
reference [4] (p. 267).



1.2 Phase space

The phase space of a reaction contains all allowed momentum states of the final state particles.
The phase space factor d®,, is used in expressions for dI' and do. The decay rate I' and total
cross section o are obtained by integrating over phase space.

1.2.1 Units and the invariant amplitude

In this paper, natural units are used, with A = ¢ = 1, which means that both length and time
have units of GeV~! and mass has units of GeV. Thus, cross sections ¢ have units of GeV 2.
The decay width I is related to the lifetime 7 of a particle by

T=fR (10)
In natural units, the decay width has units of GeV giving the correct units of time, GeV~!, for
the lifetime. The invariant amplitude M used below has units [2] (p. 200) of GeV*™ where n is
the number of external particles involved in a reaction. The number of external particles is equal
to the number of external lines in the corresponding Feynman diagram. For example, when one
particle decays into two particles, the number of external lines in the Feynman diagram is 3,
and the units of M are GeV. For a 2 - body reaction producing two bodies in the final state,
there are 4 external lines and so M is dimensionless.

1.2.2 dI' and do in terms of the phase space factor

The partial decay width (rate) of a particle of rest mass m decaying into n other particles is
given by [1]

)
dl = 2—|M|2(27r)4d<1>n(P;p1, D) (11)
m
or, in compact form as
dl = i\MP(%)‘*d@ (12)
2m n o
where M is the invariant amplitude and S is a product [2] (p. 76) of statistical factors, 1/j!
for each group of j identical particles in the final state, i.e. S = II,-;. These statistical factors

are discussed in references [3] (pp. 108, 151), [6] (p. 259), [7] (p- 11j0) [8] (p. 200), [9] (p. 285)

and [10] (p. 99). Gross [6] (p. 259) gives the most extensive discussion concerning the statistical
factor versus limiting the regions of integration. The phase space factor is [1]

n

n
AP (P;p1,- -+, pn) = 6% sz | (13)
— z:l 27r 2E



where n is the number of final state particles, and

k
P=> pi, (14)

i=1
where k£ is the number of initial state particles. Equation (13) can be generated recursively [1],
AP (P;p1, -+, pn) = dj(g;p1, -+, 0)dPn—j1(P5 ¢, pji1, -, Pa) (21)°dg” (15)

where
2 g 2 g 2
=0 E)-1Y pl. (16)
=1 =1

Consider the particle reaction,
1+2 — 344+ +(n+2), (17)

where the numbers label the particles. The microscopic differential cross section is [1]

S
do = | MP2m)'den(py + p2ips, o Pat2)

S
= E|M|2(27T)454(p1 + P2 —P3—Pi... — Dnt2)

y dp3 d*ps Pppio
(27T)32E3 (27’l’)32E4 (27T)32En+2 ’

(18)
or, in compact form [10] (p. 99),
do = £|M|2(27r)4d<1>n (19)
4F ’

where, again, S is a product [2] (p. 376) [10] (p. 99) of statistical factors, 1/5! for each group of
j identical particles in the final state. The denominator flux factor F' is defined as [10] (p. 98),
[11]

F = \/(pl-p2)2 —mim3 , (20)

where pi.ps denotes a 4-vector product. F' can be written,

1
Fany frame = 5 \% A12 ) (21)
where
Ak = A(s,m3,m})
= (s— m? —mi)? — 4m§m% , (22)



with the Mandelstam variable,

s = (p1 +p2)2 . (23)
Note that
Ak = Akj - (24)
Also, note that [10] (p. 98),
Fy =ma[pul, (25)
and
F. = Vs|pic| = (E1 + E2)|p1cl - (26)

These equations agree with equation (5.113) in reference [11] and equations (4.52) and (4.53) in
reference [10]. Note that F' can be written in terms of the relative velocity v,e; = |v1 —v2|. This
method is used in references [3] (pp. 105, 106) and [12] (pp. 17, 18). In the above equation, the
4-dimensional delta function is

5 (p—po) = 6(E — Eo)d*(p—po) (27)
or, for example,
§'(p1+p2—p3s—ps) = O(E\+ Ey— Es— Ey)8°(p1+ P2 — P3s — P4) (28)

where §(p — pg) cancels a 3 - dimensional integral, with f(p) being an arbitrary function, as

[ &*01(0) 8~ po) = F(p0) (29)

/d3p #p—po)=1. (30)

1.3 Differential cross sections

From equation (18), it can be seen that, in general, one will be able to form Lorentz invariant
differential cross sections, such as d®c/(d®p/E), by bringing the relevant phase space factor to
the left hand side. From such Lorentz invariant cross sections, one can form doubly differential
cross sections such as,

d’c ~ Ip| o
dEdQ ~ Pl ap/E

(31)



which follows from

235 = Igal\p|alQ , (32)

and
p’=FE*—m?, (33)

and
2|p| d|p| = 2FE dE . (34)

1.3.1 2 - body final state

For a 2 - body final state, such doubly differential cross sections are meaningless, since £ and
0 are functions of each other. Therefore, either do/dE or do/d) may be formed, but not
d*c/dE d2 and therefore, not Ed3c/d®p. Consider the reaction,

1+2—3+4, (35)

where the numbers represent particles. From equation (18), the cross section is of the form,

d*p3 d*py
d 25(Fy + By — B3 — E4)6° —p3 — :
g X |M‘ ( 1+ L2 3 4) (pl + P2 —P3 p4) (27‘(‘)32E3 (277)32E4 (36)
The delta function, %(p; + p2 — P3 — P4), cancels the integral over d3ps, resulting in,
1 d3
do o |[M28(E, + By — E3 — Ey) = (37)

(2m)32F3 (27)32E,

However, since d®py = p3dpsdQly oc dE4dS)y, and the energy delta function cancels the integral
over dFEy, the result is

do oc [M[2dQy . (38)

Thus, for a 2 - body final state, one can form the single differential cross section do/dS)4, or
alternatively do /dEy, because energy is a function of angle.

Finally, note that for a 2 - body final state, the angular distribution do/d2 can be formed
in both the lab and c¢cm frames. However, the spectral distributions do/dE and do/dT, where
T is kinetic energy, can only be formed in the lab frame and not in the cm frame. The reason is
that both T'and £ = m+T are fixed in the cm frame, but vary with angle in the lab frame. An
exception to the above statement is if the produced particle has a variable mass. An example is
the A particle. (See reference [13].) However, a variable mass implies that the particle decays,
which means that ultimately the final state is not a 2 - body state.



1.3.2 3 - body final state

Now, consider the 3 - body final state,
1+2—-3+4+5. (39)
From equation (18), the cross section is of the form,

do < |[M|?6(Ey + Ey — B3 — Ey — E5)6%(p1 + P2 — P3 — P4 — P5)
d3ps d3py d3ps
27T)32E3 (27T)32E4 (27T)32E5 ’

X ( (40)

which becomes,

1 d3p4 d3p5

d 5(Ey+Ey—E3—FE,— FE
o o [MPO(Ey + Bz = By = By = B5) o s o 599 s (2n )92

(41)

because the momentum delta function cancels an integral. The energy delta function cancels
another integral giving,

1 dQ d3
2 4 Ps
42
do o M 5 552 E, a2, @r)52Es (42)
or
d*ps
do o |IM|?dy—= | (43)
Es
so that the differential cross section can now be formed as,
d3o 9
_— Q4 . 44
o, o [ 1MPds (44)

1.3.3 Unit conversion to mb

As shown above, the units of do/dt are GeV~4. These units are converted to mb/GeV? by the
conversion factor GeV~—2 = 0.389379 mb.

1.4 Proof that the differential cross section Ed®c/d®p is Lorentz invariant

A proof of the Lorentz invariance of Ed®c/d®p can also be found in reference [14] (p. 52).
Differentiating p? = E? — p? gives,

d'p =dE d®p . (45)
Expanding 6(p? — m?)d*p gives,

§(p* —m*)d*p = §(E* — p? — m?)dE d°p . (46)



Applying the formula

1
f'(E)

S(F(E) = 3 o O(E — Ei) (47)

with f(E) = (E + /p? + m?)(E — v/p? + m?), and keeping only the positive E root, gives

d’p
2 2y A _ /
d(p* —m*)d*p=0(E — p2—|—m2)dEﬁ . (48)

Integrating over dE cancels the delta function, leaving
d®p
—= =5(p* —mPd'p. 49
5g =0 )d"p (49)
Since p? and m? are Lorentz invariant, the right hand side is invariant, and therefore d®p/2E
is invariant. The total cross section, o, is invariant since do is transverse to the direction of

motion z, and transforms like an area. Consequently, Ed®c/d3p is invariant.
As an alternate proof, expand the momentum integration measure,

dgp = dpzdpzdpy . (50)

Here, dp, and dp, are Lorentz invariant, being transverse to the direction of motion z. Since o
is Lorentz invariant, it remains to show that % is invariant. Rapidity v, is defined through

E = mycoshy and P, = mpsinhy , (51)
and
my = m*+pa®+p,
= E?—p2?, (52)
which gives
dp:
;; =mpcoshy =F . (53)
Thus,
E 1
- 4
dp, dy <5 )

Under Lorentz transformations, rapidities add, so that y =y + ygr, where yrp is the rapidity
of a certain reference frame, 1/ is the rapidity in that reference frame, and y is the transformed
rapidity. Thus, dy = dy’, showing that dy = dp,/FE is invariant under Lorentz transformations.
Thus, Ed3c/d3p is Lorentz invariant.



1.5 Denominator flux factor in any frame

The denominator flux factor F' is defined in reference [10] (p. 98) as

This can be written

F = \/(pl.p2)2 —m2m3 .

1
Fany frame — 5 \% >\12 )

where [14] (p. 23), [15]

and

Now calculate s as,

Then,

MNz,y,2) = (x—y—2)°?—4yz
= 22 =2y +2)z+(y—2)°
= x2+y2+2272y9372z:c72yz,

s = (p+p2)?=pi+p5+2p - po
= m34+m3+2(FE Ey—p;y-p2) in any frame .

)‘12 = )‘(Sa m%vm%) = (S - m% - m%)Q - 4m%m§

4[(E1Fy — p1 - p2)? — mim3]

= 4[(p1 - p2)? — mim3].

1.6 Denominator flux factor in the lab frame

(60)

For the reaction 1 +2 — 3+ 4 + - -, let the rest frame of particle 2 be the lab (target) frame.

Then, p2 =0, and

(p1-p2)? —mim3 = (E1Ez —pi-p2)? —mimj
= EYE3 —mim} (because p2 =0)
= (Piiap +mi)m3 — mim3
= m%p%lab ’

giving

Flap = ma|Piias| -



2 Decay into two particles

This section is concerned with the decay of one particle into two particles. The fundamental
quantity is the decay width. Formulas are given that enable this to be calculated from the
invariant amplitude. The kinematics of the final state particles is also discussed. Finally, the
decay width is related to the cross section for the reverse process in which two particles react to
form a single particle.

2.1 Decay width

Consider the reaction,
Ni+ Ny — Ny +A — Ny +7+ N3, (63)

where N; are nucleons (either neutron or proton), A is the A particle and 7 denotes a pion.
Pilkuhn [16] (pp. 37, 38) and de Wit [7] (p. 113) show that the cross section for this two step
process can be approximately written as,

F(A —>7T+N3)

U(N1+N2~>N1+7T+N3)%U(N1+N2—>N1+A) T

(64)

In the above, I' is the total decay width for the process A — anything. We seek expressions for
2 - body cross sections, as well as the decay of a single body into 2 bodies. Consider the decay,

3—1+2, (65)
where the numbers denote particles. The 2-particle decay width is given by
S
ar = %\MP(%)%@Q(P; P1,p2) (66)

with m = mg. The phase space factor is

d®y(P;p1,p2) = 6*(p3—p1 —p2) (27?;3{)21& (Zj:f;Eg
3
= §(Es— B — Eé)ﬁ
R R (7
with
e= (2n)32F | (68)
where it is understood that
P2 =P3 — P1; (69)
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so that in the above equation, with |p1|? = p?,

Ey = p} +m? (70)

By = \J(pa—p1)2+mj. (71)

Two equivalent methods to eliminate the § function are now given. These are the Ho-Kim phase
space method [10] and the Griffiths phase space method [2].

2.1.1 Ho-Kim phase space method

Ho-Kim [10] eliminates the § function by making a change of variables as follows. Simplify
equation (67) by writing

d’P1|

P i+ B

d(Ey + EY) , (72)

so that the integral over d(E; + E%) will cancel the deltal function 6(E3 — Ey — E5). Ultimately,

the quantity d(Ed‘li;TJé) will be evaluated. The quantity, d(E; + FE}), is used rather than dEj,

because both Ey and E), contain the term |p1|. The phase space factor becomes, (with the energy
0 function eliminated),

|pl|2 d|p1\

dds(P;
2(P;p1,p2) = erel d(Br + EL)

d (in general), (73)

giving the partial width as,

S 2
dl = 32772m’M|

’I)1|2 d|P1\
EyE5 d(Ey + Ej)

d (in general). (74)

2.1.2 Griffiths phase space method
Griffiths [2] eliminates the ¢ function by making use of the formula,

Z az—x] (75)

— 19/( fUJ

where the sum over j represents the sum over the zeroes x; of the function g(x). The term
¢'(x;) is the derivative of the function g(z), evaluated at the zero, x;. In the delta function,
§(Es — Er — E5) = 6[g(x)], we set,
g(@)=g(lp1l) = E3—FE1—Ey
= B3 —\/p}+mi—\/(ps—p1)?+mi. (76)
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The zeroes, pi1;, are obtained by setting

g(Ip1]) = Bs —\/p? +m? — \/(ps —p1)? +m} = 0. (77)

The derivative is

dg(|p1l) d(E1 + Ej)
"(z;) = = — , 78
g (=) d|p1] d|p1] (78)
so that
S(Ip1l — |p1il)d|p1] d|p1]
d(B3 — Ey — Eé)d|p1| = d(E1+FEY) = d(E; —FEé) ) (79)
d|p1]

which is the same result obtained with the Ho-Kim phase space method. The phase space factor

and the decay width are evaluated in a particular frame by evaluating @ d in that frame.

p1]
E1+Eé)
The cm frame, in which the decaying particle is at rest, is the most logical choice of frame.
Thus,

p3 =0 and P1 = —P2, (80)

and E = /|p1|? + m3, giving,

d(Ey + £l FEi + E!
{(2)} = |py| T2 (81)
d|p1| c E1E2
Since Ei + Ey = E3 = m and |p1| = |p2| = |py| in the cm frame,
P> dlpi
d®s(P; = dQ
2( 7p17p2) 616/2 d(El +Eé) 1
2E E!
_ \Plll 12 50,
eieh m
[p1|
= ————df); . 82
42m)m (82)

Assuming no angular dependence in M, the integral [ dQ; = 4m, gives the width in the cm
frame,

S 2 4 3|pf‘ 2
.= %IM\ (2m)*d®o(P;p1, p2) = 87rm2’M‘ : (83)

This is only valid if M has no angular dependence. This agrees with references [2] (equations
6.30, 6.32) and [10] (p. 103) (with dQ2 = 47). The units can now be verified. . There are 3
external lines in the Feynman diagram, so that M has units of GeV. The units of M? cancel m?
in the denominator, leaving I' with the correct units of GeV. Using the result from the following
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section,

1
Ip2| = |ps| = ng\/m% +m3 +mj — 2m3m3 — 2m3m3 — 2mim3 (84)

which is equivalent to solving equation (77) for the zeroes. The decay rate is written

S
5 M2 \m? +md + mi — 2m3m3 — 2m?m3 — 2m3m3 . (85)

©7 167m3

with m = ms. Again, this is only valid if M has no angular dependence. This agrees with
reference [10] (p. 103).

2.2 Decay energies and momenta
The energy Fo, and 3-momentum po, of the decay,
351+2 (86)

may be expressed in terms of the masses of the three particles. Conservation of 4-momentum
gives

pi = (p1+p2)’
= m% = p% —I-p% + 2p1.p2 = m% + m% + 2(E1E — p1.p2)

m3 +m3 + 2(E1Fy + p?) (because p; = —p> in the cm frame)
m% + m% + 2(E1E2 + Eg — m%)

= mi+m3+2By(Ey + By) — 2m3 = mi —mj + 2E2(Ey + Es) . (87)
Also,
p; = (p1+p2)?
=mj = (B1+E2)°— (p1+p2)?, (88)
giving,
ms = Ei\+Ey, (89)

since p; + p2 = 0 in the cm frame. Substituting equation (89) into equation (87) leads to

mi: = m?—m3+2Ems3, (90)
2 2 .2
L op, . MEEmi-mi (o1)
2m3

The magnitude of the 3-momentum is given by

lp2| = /E3—m3

13



2 2 2\ 2
m5 +mg — mj 9
= —=— 2 =] — . 2
J ( 2ms ) M2 (92)

Expanding gives

1
Ipa| = %Wi‘ +mi +md — 2m3m3 — 2m2m32 — 2m3m3 . (93)

2.3 Two - body reaction producing one body
We can relate the decay width of the process,
3—142,
to the cross section for
1+2—-3.

The cross section is given by equation (19),

S
do = E|/vl|2(27r)4d<1>n(pl + p2; p3)

S 2 464 d*p3 .
= E|M| (2m)"0%(p1 + p2 — p3)7(27r)32E3 (in any frame),
_Sm_ IM|?6(Ey + Ey — E3)0°(p1 + )—dg‘”3 (cm frame) (94)
_ _E. — m fram
Api/5 1 2 3 P1TP2 —P3 By )
using equation (26). In the cm frame, we have F5 = m3 = m = /s and p; = —pg, finally giving
the cross section, (with S =1 for the above reaction 1+ 2 — 3),
T
dr = —5—|MP*(E+Ey—E 95
o 4m2]p1|’M| (E1 + E 3) (95)

with By = /p? +m? and Ey = /p? + m3. We now relate this cross section to the decay width.
Substituting | M|? from equation (85), into equation (95), gives the relation between decay width
and cross section as,
d 2 1 5(Ey + Ey — E) (96)
o = S 1 2 — L3) .
Slp1/?
The units of §(E; + Fy — E3) are GeV~!, cancelling the GeV units of I, so that the units of o
come out correctly as GeV 2.
Sometimes the delta function is written a little differently, in terms of §(s — m?). In the cm
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frame, \/s = By + Ey = W2. Thus §(s — m?) = §(W?2 — m?). Using the result [2],

5(22 — a?) = 2|1a|[5(x _a)+5(z +a)], (97)
gives
5(s —m?) = 8[(Ey + F»)? —m? = %[5(& + Fy—m) +0(E1 + Fy+m)] . (98)
However, we cannot have Ey + E2 = —m, so that the second term does not contribute, [16] (p.
15), [3] (p. 151), giving only
5(s — m?) = %5(& B —m). (99)

Thus, the relation between the decay width and the cross section can also be written

Am%m
dr = ———5Td(s—m?). 100
S ) 1o
Suppose the decay products are both massless (e.g. H — 7). Recall that in the cm frame,
the momentum of the decay products is |p1| = |p2|. Also, the mass of the decaying particle is
E3 = m3 = m. By energy conservation (with £ = |p| for photons), we have

m = 2|p| . (101)
Substituting |p| = m/2 gives,
d 167° T 6(s — m?) (102)
o = s—m).
Sm

Now, if the particles have spin, then it must be averaged over the initial spin states S; and Sy
and summed over the final spin state S3 [7] (p. 114). This brings in an extra factor

253 4+ 1 1672

do = r
7 (251 +1)(285 + 1) Sm

5(s —m?), (103)

which is our final result. This gives the results of several other authors. For example, Norbury
[17] considered the decay of a Higgs boson into two photons,

H—~+7,

where the statistical factor is & = 1/2!, because there are 2 particles in the final state. The spin
of the Higgs is Sy = S3 = 0, and the spin of the photons are S; = S = S, = 1. However,

the factor, 2&% = 1/3, is only correct for massive spin 1 states. Photons loose one degree of
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freedom, meaning that the factor should actually be 1/2. Substituting gives

872
=22 T§(s —m? 104
do - d(s—m?), (104)

in agreement with [17]. Another example is the decay of a vector boson B into an electron-
positron pair [3] (p. 151),

B—et+e .

Here, S = 1 because there are no identical particles in the final state. Also, the spins are
Sa=Sp=1,and S1 = S.+ =1/2, and So = S,- = 1/2. Substituting, gives

1272
do = il

(s —m?), (105)

in agreement with [3] (p. 151). Finally, note that Vidovic et al [18] have an extra factor of 2 in
their equation (46). However, this results from the definition of their equation (21).
2.3.1 Calculation using de Wit and Smith formula

De Wit and Smith [7] (p. 114) have also derived a relation between the cross section and decay
width that is more general than our result. In this section, we show that the de Wit and Smith
formula, reduces exactly to our result. They consider the reaction

a+b—A—X, (106)
where A has decayed into X, i.e. A — X. Their result is

167m? I'(A— X)['(A—a+b)
b— X) = 4 107
o(a+b—X) SA(m%,mZ,m?) (s} —m%)2+miTr? 7 (107)

2

2 m?) is also the same

where S is the same statistical factor as the present work and )\(mi, m
as used herein, namely

aymi) = 4lpic)®s = mj (108)

A(m, m
where we have used equation (101). The above result is valid for arbitrary width. Now, examine
the narrow width approximation. A narrow width corresponds to a large lifetime. In other words,
the narrow width approximation has as its limit the decaying particle not decaying. That is, the
decay A — X does not proceed. Thus, the symbol X in the above equations should be replaced
with A. In the narrow width approximation, one has [7] (p. 112)

1 mal' (A — X)

- ~8(sa—m%) . 109
7 (s34 —m?%)? +mA 2 Y (109)
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Substituting equations (108) and (109) into equation (107) gives

1 2
0(a—|—b—>A):867T

[(A—a+Db)d(sg —m?), (110)
ma

which is the same as our result in equation (103).

3 Non - relativistic two - body kinematics

Some key results in this paper will be in finding the relation between the lab angle and the lab
momenta for 2 - body final state particles. An important outcome is that for a given lab angle,
there will be two corresponding momentum values, which result from two angles in the center
of momentum or projectile frames. See equations (146) and (147). This is a crucial point for 3 -
dimensional transport codes, because for a given angle in the lab (spacecraft) frame, there will be
two particles arriving from the center of momentum or projectile frames with different energies.
The differential cross section for the production of each particle must be added incoherently to
form the differential cross section in the lab frame. This section examines these results from
a non - relativistic point of view. This will enable easier understanding of the corresponding
relativistic results, which will be derived later.

3.1 Reactions between elementary particles

First, examine collisions from a more general point of view. Consider the collision of elementary
particles given in the reaction

1+2—-3+4, (111)

where the numbers represent the particles involved in the collision. At energies comparable to the
masses of the particles, relativistic kinematics is needed to accurately analyze the collisions. This
section considers low energy collisions, and will use non-relativistic kinematics. By conservation
of mass

mi +mo =ms+my . (112)
Momentum is always conserved,

P1+P2=P3+ P4 (113)

We don’t need initial ¢ and final f subscripts now because particles 1 and 2 are automatically in
the initial state and particles 3 and 4 are automatically in the final state. For elastic collisions,
kinetic energy will be conserved,

W +To=T35+ 1Ty . (114)
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Remember that the kinetic energy and momentum can be expressed in terms of each other via

T=", (115)

which is the non-relativistic version of kinetic energy. Also, note that we will often use the
identity

pI* =p?, (116)

where |p| is the magnitude of the momentum vector p. In particle reactions like (111), particles 1
and 2 are usually produced in a particle accelerator and are made to collide with each other. The
mass and energy or momentum of particles 1 and 2 is always known. Thus, my, mo, T1,T5, p1, P2
are always known.

In a fized target accelerator, the target particle 2 is at rest and the projectile particle 1 is
fired into it. The collection of projectile particles is often called the beam. The collection of
target particles is often just called the target. Thus, the moving accelerator beam is fired into a
target at rest. The whole accelerator complex is called a laboratory or simply a lab. Thus, the
target particle is not moving in the lab. We often call this reference frame in which particle 2 is
at rest simply the lab frame or the target frame. So, in a fixed target accelerator we have

p2=0 and T, =0. (117)

In a colliding beam accelerator, often called a collider, both particles 1 and 2 are moving in
opposite directions and they are fired into each other. However, again we will always know the
masses and energies of both of these particles.

In either case, particles 3 and 4 are the reaction products and their properties are studied
in great detail. These properties include their mass, charge, spin, and other quantum numbers,
and also their kinematic properties such as their energy or momentum and also the angle from
which they emerge from the collision.

3.1.1 Mandelstam variables

If we write down the x and y components of the momentum conservation equation (113), we can
then deduce the angles with which particles 3 and 4 emerge. However, this can involve quite a
lot of algebra. An easier method is to use the so-called Mandelstam variables, which are defined
in their non - relativistic form as

s = (p1+p2)?=(p3+ps)’, (118)
= (p1—p3)’=(ps—p2)°, (119)
u = (p1—p41)®=(ps—p2)°. (120)

These are just the usual relativistic Mandelstam variables with 4-vectors replaced by 3-vectors.
Note that s is related to the total energy of the system and ¢ and w are momentum transfers.
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The square of the sum of any two 3-vectors is

(A+B)? = A*’+B?+2A-B,
= A?+B?+2|A|B|cosf (121)

where 6 is the angle between the vectors, as seen in figure 1. The Mandelstam variables can
then can be written

s = pi+p3+2[p1||p2|cosbia = p3 + p; + 2|ps||pal cos bs4 (122)
= pi+p3— 2[p1||p3| cosbi3 = p3 + p; — 2|pal|pal cos bas , (123)
u = pi+p;—2[p1||ps|cosbis = p3 + p3 — 2|pal|ps| cos bas , (124)

where 0, is the angle between particle j and k, as shown in figure 2.

_’
B
_>
0 A
> 4 ’
B cosd

Figure 1: Scalar product between two vectors A and B is given by A.B = ABcosf, where A
and B are the vector magnitudes. Note that the angle 0 is defined as the angle between the
vectors arranged tail to tail.

=
x~
v 0Oy

L4

_'
P, cost;

Figure 2: The angle 6, is the angle between the vectors p; and py connected tail to tail as in
figure 1. The scalar product is given by p;.pr = |p;||Pk| cos b;y.

3.1.2 Lab frame

As discussed above, the lab frame is the frame in which the target particle 2 is at rest as in
equation (117). With py; = Ty = 0, our conservation equations become

Pu = P3tP4 (125)
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and
mi+me = mg+my, (126)
and if the collision is elastic,
Ty = T35+ Ty. (127)

The momentum conservation equation can be written in terms of its components as

X component : mivy = mgvsgcos iz + mavycosbiy (128)
y component : 0 = mgvzsinfiz — myvssinbyy , (129)
or as
X component : Pl = |p3|cosbis+ |pa|cosbia, (130)
y component : 0 = |ps3|sinfis — |pa|sinbyy . (131)

Given that the target particle 2 is at rest, then it is meaningless to define an angle relative to
particle 2, since angles are defined between lines and not a line and a point. Thus, in the frame
in which particle 2 is at rest, there will be no angle appearing that contains particle 2. That is,
there will be no angle ;2. Setting py; = 0 gives the lab frame Mandelstam variables

s = Pi;=P3+Pi+ 2/psl[palcosbsy (132)
= pi+p3—2|p1||ps|cosbi3 = p , (133)
u = pi+p;—2|p1]|pa|cosbis =p3 . (134)

The portions of these equations that do not have a [ subscript are true in any frame. The angles
are shown in figures 1 - 4. Note that

O34 = 013 + 614 . (135)

3.1.3 Proof of the relation ¢t = (p; — p3)? = |pa/?

Using the = and y components of the momentum conservation equation, one can prove the
Mandelstam variable relation

t = (p1—p3)? = pul?, in the lab frame where po; = 0. (136)
This statement will now be proved. Conservation of momentum is

P1+P2 = P3+tPs. (137)
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1 2 0,3
O,

b 4

Figure 3: Definition of angles in the lab frame. 614 is the recoil angle of the target. The angle
between the final state particles is 034 = 613 + 014. Note that the angle 0 is defined as the angle
between the vectors arranged tail to tail.

3

1 Orsc /615 2
O2c O14c

Figure 4: Definition of angles in the ¢m frame. Note that 013, = 624, and 614, = 023.. The angle
between the final state particles is 034 = 613 4+ 614. In the cm frame, 34 = 7. Note that the
angle 6 is defined as the angle between the vectors arranged tail to tail.

All quantities are now to be considered as lab frame quantities. The components are

X component : Ip1] = |p3|cosbis+ |pa|cosbia, (138)
y component : 0 = |ps3|sinfis — |pa|sinbyy . (139)

Now eliminate |p4| and #14. The y component equation gives

ing
in 0y, — 23S0z (140)

\P4’

Use cosf = +v/1 — sin? # and substitute into the z component,

" [pal?sin® 01

lp1| = |p3|608913i|p4\\/1 3
‘P4’
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= ’pg‘ COS 913 + \/’p4|2 — |p3‘2 sinQ 913 . (141)

This gives
(Ip1l — Ips|cosb13)® = [pa|® — |ps|*sin® 613
= \p1]2 — 2|p1||p3| cos B13 + ]pg|2 cos® O3 , (142)
so that
Ip4> = |p1]* — 2|p1]|p3| cos b13 + [p3|* = (p1 — P3)* . (143)

Note that when solving collision problems with the x and y components of momentum conserva-
tion, one always ends up with the Mandelstam variable relation anyway, if angles are of interest.
Thus, it is good practice to simply start with Mandelstam variables when angles are involved.
Squaring the quantity,

(p1—ps)’=t, (144)

will directly give the angle #13. Similarly, squaring the quantity,

(p1—ps)’=u, (145)

will directly give the angle 614. Now, a very interesting result is that in the lab frame, for
reaction (111), the speed or energy of particle 3 is given in terms of the angle at which particle 3
emerges, namely 613. Similarly, the speed or energy of particle 4 is given in terms of the angle at
which particle 4 emerges, namely 014. In other words, the angles of the final particles determines
their energy and vice-versa.

3.2 Relations between momentum and angle of scattered particle

3.2.1 Center of momentum frame

Consider the reaction,
1+2—3+4

in the cm frame. As will be shown, the momentum of particle 3 or 4 is not determined by the
angle at which it emerges from the collision.

3.2.2 Lab frame

In the lab frame, the momentum of particle 3 or 4 does depend on the angle at which it emerges
from the collision. This is shown below. Again, consider the elastic reaction

142—>3+4,
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where the target particle 2 is at rest in the lab and the projectile particle 1 is fired into the
stationary target. Assume that we know the value of the momentum of particle 1 to be pq;.
One can prove the following useful results.

(a) The momentum of particles 3 and 4 can be expressed in terms of their scattering angles
0131 and 6014;, where 0y;; is the angle between the momentum of particle ¢ and the incident
beam direction of particle 1, as measured in the lab frame. One can show that

mama (302
ms (cos 013 = e — sin 9131)

P3| = |pul (146)

ms3 + My

and

moms 32
my (COS 014 = \/m1m4 sin® 014 )

ms + my

Pu| = [Pl (147)

Note that |py/| is the same as |ps;|, except for the interchange of the particle labels 3 < 4.

(b) We will evaluate |ps;| and |py;| for an elastic billiard ball collision when m; = ms3 & mg =
my and also when m1 = my & my = ms.

(¢) Notice that the solutions for |pg;| and |py| are double valued. For the case of an elastic
billiard ball collision when mi = m3 & msy = my, we will interpret the two solutions.

(d) We shall evaluate |p3i(613 = 0,7, 5)| and |py(61y = 0,7, 5)[. We shall also work out
these expressions when mq = mg & mo = my.

(e) We shall interpret the solutions |psi(f13 = 7/2)| and |py(f141 = 7/2)| when m; =
ms & mo = my.

(f) Consider a 1-dimensional collision where 613 = 0 or m and 014 = 0 or 7. We have already
evaluated |pg;(013 = 0,7)|, and |p4 (614 = 0,7)| for an elastic billiard ball collision when
m; = m3 & mgo = my. We will interpret the results for the three special cases i)
mi >> mg, il) my = me, and iii) m; << ma.

We shall now prove the statements given above. All quantities are assumed to be lab frame
quantities.

(a) Conservation of momentum, mass and energy is

P1+P2 = P3+DPp4, (148)
mi+me = mg+my, (149)
Tv+15, = T3+4Ty. (150)
We use the Mandelstam variable,
t = (p1—ps)’ = (ps—p2)°
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= [p1/* + [psl* — 2[p1lps| cos 013
‘P4‘2, in the lab frame where po =0 .

Note that
p>=p”.

Conservation of kinetic energy can be written (with 75 = 0),

i Ipsl | [paf?
2my 2ms  2mg
which gives
2 _ (\P1!2 !P3|2>
P, = M"a\————"],
mq ms3

so that the Mandelstam variable ¢ becomes
ma o

myq
’p1|2 + |p3‘2 - 2|p1‘|p3‘ cos B3 = 7p% - —pj,
mi ms3

from which we get the quadratic equation for |ps],

ma m
P; (1 + mg) — 2|p1||p3| cos b13 + |p1? (1 - 4) =0.

m1

A general quadratic equation can be written
ar’ +br+c=0 ,

with solution

. —b+vVb? — 4dac
- 2a '

For our equation, we have

b> —4ac = 4|p1|*cos® b3 — 4|py|? (1 - m4) (1 e
my m3

= 4|p1|2 cos? 015 — <1 — W) (1 + W>:|
L mi ms

I 2

ma My my
= 4p1|* |cos® 13 — 1+ — — — + ]
mi  ms  mims

= 4|py/? —Sifl2913+m1m3
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(mamy — mimy + mi)}

(151)

(152)

(153)

(154)

(155)

(156)

(157)

(158)



m .
= 4|P1|2 [4(7”3 —my +my) — sin 913}
mims
= 4py? (Z?Zi — sin? 913) , (159)

where we have used conservation of mass, mg —mi +m4 = mo, in the last equation. Thus,
the solution to the quadratic equation is

2|p1|cos i3 + 2|p1\\/w —sin? 63

mims3

21+ 72)

ms (cos 013 = \/m — sin? 013 )

mims3

lps| =

= |p1l ; (160)

ms3 + my
which is the desired result. We could work everything out again to determine |p4|. How-
ever, rather than going through all the algebra again, it should be obvious that our answer
is the same as that obtained previously except that subscript 3 is replaced by 4. Thus, we
immediately deduce that

my (cos 014 + \/m —sin? 014 )

mima

_ 161
Ip4| = [Py p—— (161)
The Mandelstam variable that will appear is
uw=(p1—ps)? = |ps3?, in the lab frame where py = 0. (162)
(b) If m; = ms3 & mg = my (elastic billiard ball collision), the above results reduce to
2
mi (cos 013 £ % — sin? 013 )
1
ps| = [pi —— ,
ma(cos 14 + cosBi4)
pal = |p1]
mi + ms
2ms cos 14
= _ or 0. 163
1| 22 (163)
If mi =my & mo =ms, we get
myg (cos B13 + cos b3 )
ps| = |pif
mi + ma
27712 COS 013
- Rl bt or 0, 164
P mi+ my (164)
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and

2
mi <cos 014 = Z—% —sin? 6y )

_ 165
pil = o —t (165)
For m1 = mg & mgy = my, we had
2
mi <cos 013 £ % — sin® ;3 )
1
_ 166
P3| p1l e— ; (166)
and
2mo cos 014
= _— or 0. 167
pil = i (167)

The identification, m; = ms & ms = my, means that particle 3 is the scattered projectile
and particle 4 is the recoil target. First, we interpret the |p4| = 0 solution. This implies
that ps = 0. We already have po = 0 in the lab frame. Thus, conservation of momentum
P1 + P2 = p3 + p4 implies that

pP1 = P3, (168)

and together with

P2 =ps =0, (169)

this means that the projectile misses the target. Thus, the target remains undisturbed
(p4 = 0) and the projectile continues on with its original momentum (ps = pjp) as if
nothing happened. Obviously, the other solution |ps4| = |p1] % signifies a real
collision, not a miss. Now we interpret the |ps| solutions. Firstly, we consider whether
there is a miss solution as above. The miss solution corresponded to p; = p3 which implies
that 013 = 0. Thus, if 613 # 0, a real collision has occurred and the momentum |ps| is
simply a double valued function of the scattering angle 613, and no further interpretation

is warranted. We look at the 613 = 0 solution. This gives

ps| = [p1 (170)
or
mi1 — my
= . 171
P3| ol (171)
Clearly |p3| = |p1| corresponds to the miss solution and [ps| = |p1| j71 5% corresponds to

the real collision.
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(d) Using equations (146) and (147), we obtain

ms momy
ol =0)] = [pi| " (12 ).
ms + My mims
+
= |P1|m1 mQ, when m; =mg3 & mg =my,
mip+m
(172)
ms 1T,
ol =m)| = il (17 )
m3 + myq mims
= _’pl‘m1$m2, when my1 =ms & mo =my,
mi + mg
(173)
ms momy
Patis =m/2)] = Hlpi| T [T g
= =|p1] w, when m; = mg & mo = my,
mi + ma
(174)
my maoms
il =0 = [pi] (1 ).
ms3 + My mimy
2m2
= |pi|] ——— or 0, when mi; = ms3 & mo = my ,
mi + mg
(175)
my mams3
pilbu=m = -lpil (17 ).
m3 + my mimy
2m2
= —|pi] ———— or 0, when m1 =ms & mo =my ,
mi + mg
(176)
and
my maoms
Patis = m/D)] = Hlpi| T [T g
= 0, when m1 =ms3 & ma =my . (177)
Note that solutions which give negative |p| are unphysical and must be discarded.
(e) When m; = mg and mgy = my, we found the physical solutions were
mo — My
013 =7/2)] = _— 178
Ip3(013 = 7/2)| Ip1] e (178)
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and
‘p4(914 = 7'('/2)‘ = 0. (179)

This says that the target can never be scattered into 614 = 7/2. The projectile can only
be scattered into 613 = 7/2 if ma > mq. This makes sense. It is saying that the projectile
can only be scattered into 613 = 7/2 if it is lighter than the target.

When m{ = mg and mo = my, we obtained

mi1 —Mma

013 =0) = , 180
Palis=0) = Ipal o fpa| (150)
mo — M
9 =T = — or —_— 181
paltia=m)| = —Ipa T (181)
2m2
014=0 = _ 0 182
[p4(014 = 0)] |p1 e — or : (182)
and
Pl =) = —lpi| 0 (183)
=7) = — — or )
P4(U14 P1 1+ o

We can never have the magnitude of a vector being a negative quantity, and so these
solutions must be dismissed as unphysical. Also, we have already decided above that the
cases |p3(f13 = 0)| = |p1| and |p4| = 0 correspond to the miss solution. Discarding the
unphysical and miss solutions, we are left with

mi1 — My
12 = 0)| = f > 184
Ip3(613 = 0) 1] e — or my > my , (184)
lp3(013 =) = |p1] Zi ;_ Zl , for mo > mq , (185)
and
P10 =0) = [pi] —2 (186)
P4(U14 = = |P1 M1ty

where we have indicated in parentheses the allowed mass values for physically acceptable
solutions. Writing |p;| = m;|v;| gives (with m; = ms and ma = my)

mi1 — My
013 =0 = _— {i > 187
[v3(613 = 0)] V1] e or my > my , (187)
me — My
Q10 = = MR f > 188
[v3(013 = 7)| V1] e or mg >my (188)
2m1
va(f14 =0 = |v 189
[va(614 = 0)] V1] e — (189)
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For m; >> ms, we have

<
w
—
>
3
w
o
-~
2

vil, (190)
2lvy] . (191)

<
N

—

>
3
S
Il

o

=
0

That is, the projectile continues on at the same speed and the target moves off at twice
the speed of the projectile, both moving in the same direction as the original projectile.

For mi = ms, we have

lvs(bi3=0orm)| ~ 0, (192)
|V4(014 = 0)| |V1| . (193)

Q

That is, the projectile stops and the target moves off at the speed of the projectile, in the
same direction as the projectile.

For m1 << mg, we have

|v3(bis =7)| ~ |vi|, (194)
[va(614 = 0)| 0. (195)

Q

That is, the projectile bounces off from the target with the same speed but in the opposite
direction, and the massive target remains stationary.

3.2.3 Qualitative understanding of the |ps| solutions

We now develop a qualitative understanding of the two solutions, namely for a fixed angle 63,
there are two solutions for |pg;|. Consider the case of a billiard ball collision where a projectile
billiard ball scatters off a target ball. In the above example, this is the case where m; = m3 and
mgy = my (elastic billiard ball collision), which was part (b) of the example. For that case, the
momentum of particle 3 reduced to

2
my (COS 0131 £ /=2 — sin? 613 )

3
my

Pzl = [pul (196)

mi + mo

my (cos 0131 + ,/% —sin? 63 )
- (197)

mi + meo ’

mq (COS 9135 — 1/ % — sin2 913[ )
- . (198)

mi + meo

Write this as

Pyl = Ipyl

Pyl = Ipul

29



The solution |pg;| allows for a negative value. This solution is obviously unphysical and may be
discarded. For |pg| to be positive, we must have

m3
cosbi3 > —5 — sin? 63 |
my
m2
m

= cos’fiy > —5 —sin’fi3 = —5 +cos’biy — 1,
1

= 1 > —,

= mp > Mmy.

Only if this is true, do we get both solutions |p3;| and |py|. Otherwise, we only get the one
solution \p?m So given that m1 > maq, the question remains as to why we get two solutions |p§l|
at the same angle 0;3; for a fized incident energy. Note that the two solutions are distinguished
by their outgoing energy, or speed, or momentum magnitude. This is illustrated in figure 5,
where a more massive projectile scatters off a less massive target. It can clearly be seen that
the same scattering angle can occur for different impact parameters. If the projectile hits the
target at small impact parameter then it will impart a relatively large amount of its momentum
to the target and emerge with a relatively small speed at angle 6.

On the other hand, if the projectile hits the target at a large impact parameter then it will
impart a relatively small amount of its momentum to the target and emerge with a relatively
higher speed at the same angle 0. Thus, the reason as to why there are two different momenta
associated with the same scattering angle is because there can be two different impact parameters
associated with that angle. Obviously, if we do an experiment and actually roll one billiard ball
into another then there will be only one emerging momentum depending on the collision impact
parameter. However, when we calculate a cross section, we must sum over all impact parameters.
Thus, a cross section calculation will be the result of many billiard ball collisions at a variety
of integrated impact parameters. The fact that the same lab angle gives rise to two different
lab energies is also related to transformation from the cm frame to the lab frame. Later, we
shall find that two different angles in the cm frame can give rise to the same angle in the lab
frame. From figure 5, it is clear that the two different impact parameters will correspond to two
different angles in the cm frame.

3.3 Relations between initial and final momenta in lab and cm frames

In this section, we develop some further useful results, involving relations between the initial
and final momenta in the lab and cm frames as well as relations between angles.

3.3.1 Lab frame

Consider the elastic reaction

14+2—3+4,
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Figure 5: Elastic billiard ball collision where the mass of the projectile is greater than the mass
of the target. b is the impact parameter. The balls are imagined to have the same density and
so the more massive ball is drawn larger. (If the balls are of different density and have the same

size, the dynamics shown in this figure are not altered.

where the target particle 2 is at rest in the lab and the projectile particle 1 is fired into the
stationary target. We will derive a formula relating the momenta of particles 3 and 4 with
the relative angle 634 between particles 3 and 4. The formula will also contain the masses.
This is much easier to work out by squaring the conservation of momentum equation, rather
than breaking it up into components. After deriving this formula, we will show that it predicts

034 = 90° when all the particle masses are equal.
We proceed as follows. Conservation of momentum is

Pi1+P2 = P3+P4-

Squaring gives the non-relativistic Mandelstam variable,

s = (p1+p2)?=(p3+ps)
= ‘p3’2+ ’p4‘2+2’p3Hp4‘COS@34
= ‘pll’2 ; in the lab frame where pg; =0 .

Conservation of kinetic energy can be written (with Ty = 0),

pul® !p3|2+|p4‘2
2m1 2m3 2m4

9

so that the Mandelstam variable becomes

psl? | [pal*) 2 9
my | ——+——| = |p3|” + |psa|” + 2|p3||p4| cos O34 ,
ms3 my

(199)

(200)

(201)

(202)



which is the desired formula. When m; = mo = mg = my, this becomes
0 = cos b3 = O34 = 90° . (203)
3.3.2 Center of momentum frame
Again, consider the elastic reaction
1+2—-3+14

but now we will analyze the reaction in the cm frame. Assume that we know the value of the
momentum of particle 1 in the cm frame to be p1.. We can obtain some useful results.

(a) We will work out a formula for |ps.| as a function of |p1.| and show that it does not depend
on any angle.

(b) We will do the same for |pac|.
(¢) We will show that the scattering angles are related by 013, = 0a4c.
We proceed as follows.

(a) The non-relativistic Mandelstam variables are

s = (p1+p2)’=(ps+ps)°, (204)
t = (p1—ps)’=(ps—p2)°, (205)
u = (p1—p1)’=(p3—p2)°, (206)

and conservation of kinetic energy is

2 2 2 2
pi_ Pi_Pi Pi (207)
myp M2 m3 Mg

Now, specialize to the cm frame, where
Pict+P2e= 0 =p3c+DPs, (208)
= ’p1c| - ‘p20| = ‘pic‘ and ‘p30| - ‘p4c| = |pfc| . (209)
Eliminate |pa.| and |p4c| from the conservation of energy equation, giving

1 1 1 1

2 2
— 4 210
plc(Tn1 + ’I7’L2) p3c(m3 + m4) ) ( )
9 ,M1+ma 9 , M3+ My
— 2 211
Pic( mimso ) Pic( mama (211)

9 5 mgmy(mi + ma)
= — . 212
P3c plcmlmg(mg + my) (212)
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Define

9 m3m4(m1 + ’mg)

= myma(ms + my) ’ (213)
which gives
P3| = nlpicl, (214)
or
Pyl = plpicl (215)

which is the desired result, giving the relation between the momentum of particle 3 in
terms of the incident momentum. No angle appears in these formulas.

In the cm frame, [pic| = [P2¢| = |Pic| and |Pac| = |Pac| = [Pye| s0 that

IPac| = plp2c|
= plpicl. (216)

The non-relativistic Mandelstam ¢ variable is

t = (p1—p3)?=(p1—p2)°
= pi+p;— 2[p1||ps|cosbis

= P53+ Pj — 2[p2l|paf cos Oz . (217)
In the cm frame, this becomes
_ .2 2
t = p;+Ps—2/pillps|cosbhs
= p; +p} — 2|pil|ps| cosbas ,
= costiz. = cosboy.,
=  bize = Oy

4 Relativistic two body kinematics

If the projectile or center of momentum frame moves fast enough, then two different angles in the
center of momentum or projectile frames get boosted to only a single angle in the lab frame. In
the lab, these two boosts will be distinguished by different lab energies or momenta. This is very
important for 3 - dimensional space radiation transport codes which require cross sections in the
lab (spacecraft) frame, which must be added incoherently from the two center of momentum or
projectile frame angles. For a 2 - body final state, the formula which gives this double - valued
lab momentum in terms of the lab angle, is given in equation (272). Other results, such as
relating Mandelstam variables to energy and momentum variables, are also derived.
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4.1 Introduction

In this section, we wish to consider reactions of the type
1+2—-3+44+54+---,

where the numbers denote the particles and the initial state always consists of just two bodies,
whereas the final state can contain any number of particles. A 2 - body final state reaction is

1+2—-3+4, (218)
whereas a 3 - body final state reaction is
142—-3+4+5. (219)

The reaction kinematics are the same as shown in the previous figures 3 and 4. We are interested
in calculating angular and spectral distributions for any of the final state particles. Thus, our
primary interest is in the energy or angle of the jth final state particle,

Ej or 9]' y
which give us the cross sections of primary interest,

do o 4o
dE; do;

If E; and 0; are dependent on each other, then d—" and d" are also dependent on each other

and the doubly differential cross section, d% 7; has no meamng In this case, the relationship

between E; and 0; is used to convert between d‘%’ and d”

4.1.1 3 - body final state

When there are 3 or more particles in the final state, then E; and 6; are independent of each
other. One can confirm this by working out the kinematics. In that case, one can form the
do  do

. . . d?o
differential cross sections aE; 0, and aE;0; -

4.1.2 2 - body final state

This situation is more complicated. In the cm frame, E; and 6; are independent, but still one
cannot form dE , because in the cm frame, F; is fixed by the mmal energy and the masses; see

egqs. 235 and 236. However, ¢; is undetermined and so one can form ij’j in the cm frame. In

the lab frame, E; and ¢; are functions of each other and so d% and C‘lin’j are equivalent to each
other. The proof of these statements is the main topic of this section.
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4.1.3 Elastic and inelastic scattering

FElastic scattering is defined as that in which kinetic energy and mass are conserved [Griffiths
92]. For the reaction with a 2 - body final state, as in equation (218), this will mean that

T+T, = T3+7Ty, (220)
mi+meg = m3z+my. (221)

If particles 3 and 4 are different from particles 1 and 2, then it will be very unlikely to find
particles with just the right masses so that ms + m4 = m1 + mg. Thus, elastic scattering will
almost always mean that ([19] ( p. 31), and [20] (p. 403)

my = mg, ma = My, IPic| = [Pse| = IP| (222)
Thus, for all intents and purposes, we have the following statement.
Elastic scattering occurs when the particle identites do not change.

Examples are

N+N-—->N+N,
and

T+ N -7+ N.
An example of an inelastic reaction is

N+N-—->N+A.

This can be described with a similar formalism, simply by allowing particle masses to change
[7] (p- 100).

4.2 Mandelstam variables
For the reaction
142—3+4,

the Mandelstam variables are defined as

s = (p1+p2)?=(ps+ps)?, (223)
= (p1—p3)?=(p2—pa)?, (224)
u = (p1—ps)?=(p2—p3). (225)
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Note that these are Lorentz invariant. An important result for the Mandelstam variables is that
the sum of the variables is the sum of the masses squared,

s+t+u=mi+m3+mi+m?. (226)

4.2.1 Use of the s variable

In the cm frame, /s is the total energy, and

The magnitude of the cm momenta can be written as

‘pic‘ = ‘plc| = ‘p20| ; (228)
|pfc| = |p30| = |p4c| . (229)

Defining
Njk = A(s,m?, m2) = (s — m? —m3)? — 4m§m% , (230)

one can then prove the following important results.

A12
c - ) 2 1
pul = |/ 2 (281)
A34
C - 9 232
Prel =1/ 35 (232)

2 .2
Ej. = w ’ (233)

Vs

2 .2
By = s—I—m27m1 ’ (234)

Vs

2 2
Es. = w , (235)

Vs

S+m?17m§
By =21TTa M3 236
4 Ner (236)

Note that the energies and momenta of the final state particles, 3 and 4, in the cm frame are
fized. That is, they depend only on the masses and incident energy \/s. They do not depend on
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any angles. This means that one cannot form the spectral distribution d% in the cm frame. (j

is the label for particles 3 or 4.) Conversely, therefore, the scattering angles 613 and 624 cannot
depend on the momenta or energies of the final state particles.

4.2.2 Use of the t variable

Conservation of 4-momentum is

pPL+p2 = p3tpa, (237)

and so the t variable can be defined and expanded as

t = (p1—p3)® = (p2—pa)?
= m}+mj — 2E1E3 + 2|p1 ||ps| cos b3
= m3+m? — 2E,E, + 2|pa||p4| cos by . (238)

Therefore, a t distribution, ‘é—é’ is equivalent to an angular distribution, ‘é—g. Because the angles
13 and 024 appear directly in ¢, it is useful in obtaining the relationship between E; and 0; as
mentioned above. This is discussed below.

4.2.3 Equal mass particles

Now, consider the case when all the particle masses are equal, i.e. m; = mo = mg = my = m.
One can show that |p;| = [pyc|. Label

k= ’pic’ = |pfc’ ) (239)

and let the cm scattering angle between particles 1 and 3 be
013(: =0. (240)

The following results can be shown ([2] (p. 102).

s = 4(k*+m?), (241)
t = —2k*(1 —cosh) = —4k?sin®(0/2) , (242)
u = —2k*(1+cosf) = —4k*cos?(0/2) . (243)

4.3 Relations between £ and 0;
4.3.1 Center of momentum frame

In the cm frame, we have

pi+p2=0, and p3+ps=0, (244)
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showing that the relative angle 634 between the final state particles 3 and 4 is 634 = 180°. Thus,
from figure 4, we see that

9130 == 9240 =0. (245)
Also,
p1l =Ip2| =[p:l and [|ps| = |ps| = |py| - (246)

We can use the ¢t variable to show that

s—l—m%—mﬁ

Es. = N (247)
This can be proved as follows. Use of equation (238) gives
t = (pr—p3)° = (p2—pa)°
= mi+m3 — 2E1E5 + 2|pi||py| cos 0
= m}+m} — 2F2Fy + 2|pi||ps| cos b , (248)
and the cos 6 term cancels out on both sides, so that
m3 +m3 — 2E1E3 = m3 +mj — 2E2F, . (249)
Using the results
B+ By = Vis (250)
and
s+m2 —mi=m}+m3s—m3—mi+2Ey(Ey + Es) , (251)

which gives equation (247). Thus, we have used the ¢ variable to evaluate the relation between
E; and 6; in the cm frame. We have found that the relation is trivial, in that E3 does not
depend on ;3. We use this same technique below to find the (non-trivial) relation between E;
and 6; in the lab frame.

4.3.2 Lab frame

Conservation of 4-momentum gives

p1+p2 = p3+Dpa, (252)
t=m —ps3)® = (p2—p1)°, (253)
t=m? +mi —2F 1 F3 + 2|p1||pa|cosb13 = m3+m] —2meEy , (254)
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or

t=m3 +m3 — 2B By + 2y B2 — m3\/E3 — m3 cosfi3 . (255)

Eliminating FEy;, using conservation of energy, Ey = E1 + mo — E3 in the lab frame gives
equation(254) as [10] (p. 102)

1
E31(Ev +mg2) — [pul|pai| cos 013, = Eyma + §(m% +m3 +m3 — mj)
1
= 5(3 +m3 —m3), (lab frame), (256)

with |py| = \/E? — m? and |p3| = /E2 — m3. We have also used s = m} +m3+2moEy;. This
is in agreement with references [10] (equation 4.65) and [7] (p. 127). Recall that when we did
this analysis for the cm case, the cos 6 term canceled out on both sides. However, here for the lab
case, no such cancelation occurs so that cosf remains, and this will give rise to the non-trivial
relation between E; and ¢;. We now solve this important quadratic equation. Defining

1 1
a = i(m% +m3 +mj — mj + 2maBy) = St m3 —m3) , (257)
b = Ey+ms, (258)

c = |p1l’ COS 9131 = ‘/E121 — m% COS 913[ ) (259)

enables equation (256) to be re-written as
bE3 — c|psil = a, (260)
which is written either in terms of Fs3; as

bE3 — c\/Egl -mi=a, (261)

or in terms of |pg| as

b\/[pail? +m3 — clpail = a. (262)

Firstly, we solve equation (261). Squaring gives
(b? — *)E3 — 2abE3 + (a* + *m3) =0, (263)

which has the solution

ab+ c /a2 — m3(b? — 2)
E3 = \/ o2 ; (264)
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or

ab + |py| cos 613 \/a2 —m3 (b? — p?, cos? O13))

b? — p?, cos? b3

3l —

: (265)

with |py| = \/E? — m3. This equation agrees with Byckling [14] (equation 74) and Jackson [20]
(equation 12.53). E3; has maximum and minimum values. Based on energy conservation alone,
upper and lower bounds are given by

E™ =ms (266)
and from energy conservation
Es = E1+FE,—FEy, (267)
E3 = Ey+mg— Ey, (268)
which implies that
Ey™ = Ey+my — Egy = Ey +ma —my . (269)
Note that if mgy = my, then E3** = Ey;, which makes sense. The actual maximum and minimum

values of energy are determined by conservation of both energy and momentum, and are found
be setting 6131 = 0 in equation 265. Equations (256 - 265) express the fundamental relation
connecting Fg; to 613;. Given the fact that such a relation exists clearly shows that the angle is

determined by the energy and vice versa. Thus, one cannot form j—% and j—g independently. j—%
and j—‘é are equivalent to each other. Note, however, that we were unable to form g—% in the cm

frame because the final momenta are constant and are not related to the angle. Secondly, we
solve equation (262). Squaring gives

(¢ — %) |pa|? + 2ac|ps| + (a® — ¥*m3) =0, (270)

which has the solution

—ac+ b\/a2 +m3(c? — b?)

02—b2 )

P3| = (271)

r [21] (p. 52)

—alpy| cos b3, £+ b\/a2 +m3 [|pul? cos? 013 — (B + m2)?]
Ip1|? cos? 131 — (E1y + m2)?

P3| = (272)
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Physical solutions are found more readily using the |ps;| solutions in (272) rather than the Eg
solutions in (265). The reason is as follows. The quantity

Ba
630 ’

is the speed of the cm frame with respect to the lab divided by the speed of particle 3 in the
cm frame. As pointed out by Jackson [20] (p. 403), two roots are allowed in equation (265) for
a3e > 1 but only one root for as. < 1. Also, a physical constraint is that the solutions must
obey E3; > mg3. However, for certain cases one obtains both roots no matter what the value
of ag., even though in both cases E3; > ms. Clearly, E3 > ms3 is not enough to constrain the
physical solutions [10]. The physical constraint on the magnitude of momentum is |pg| > 0.
In the cases cited above, when one obtains two Fj3; roots for as. < 1, one finds that equation
(272) gives one of the two |pg;| solutions as negative. (Of course one obtains the E3; solutions

(273)

Qagze =

from |ps;| by substituting into E3 = {/|ps|? + m3, using both the positive and negative values
of |p3;|.) The negative solution is clearly unphysical and therefore one only has one physical
solution when ag. < 1. In other words, the use of the |ps| solutions in (272) rather than the
Es5; solutions in (265) enables us to immediately eliminate the unphysical solutions and we then
see that two roots are allowed for as. > 1 but only one root for as. < 1.

An example of an unphysical case discussed above occurs with the input parameters mq =
ms = 1,my = my = 2,Ey = 2my, 013 = 7/7, resulting in az. = .625, B = 1.86344, E;, =
1.08538, |p3;| = 1.57238, |p;;| = —0.42196. As a final point, note that equation (270) can be
written as

Alpail* = 2Blpai| - C =0, (274)

which has the solution

B++vVB2+AC B4+D
P3| = = , (275)
A A
where
D = B2+ AC, (276)
E = Ey+me, (277)
1 1
K = 5(m%+m§+m§—mi+2ngu) = i(s—l—mg—mi) ; (278)
A = E2 — ’p11|2 COS2 913[ =S+ |p11\281n2 913[ s (279)
B = K|pulcosbs , (280)
C = K?>-miE*. (281)
C can be re-written as
4C = (s+ mg — mi)2 — 4m§(Eu + m2)2
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2
m
= (s+m3—m})’— —3(s+mj—mi)?, (282)

m3
or
40m3 = mi(s+m3 —m3)? —mi(s+m3—m?)?. (283)
Now, it turns out that
aze > 1 iff C<o0, => 2 solutions, (284)
a3 <1 iff C>0, => 1 solution. (285)

Here, the mathematical symbol iff means “if and only if”. «s. is given in equation (445) as

Be s+ m% — mi A12
e = — = —————— (|—=. 286
3¢ B3¢ s — m% + m% A34 (286)

Note that C(s) = 0 has the solutions

o el =)+ g — ) o
mg + mg3 ’

o, o malmi—md) —my(mf —m3) 258)
ma — M3 ’

and asg.(s) = 1 has the same solutions, showing that C' = 0 iff a3, = 1, which is consistent
with (285). One can now vary s and study the behavior of C' and as.. One can check (285)
numerically by doing a parametric plot of C'(s) and as.(s), letting s vary.

4.3.3 Proof of equation (285)

First, note the following.

A > 0 always, (289)
B? > 0 always, (290)
K > 0 always. (291)

Equation (291) can be seen by noting that the minimum value of K = %(s +m§ — m3) occurs
at the minimum value of s, which is at threshold where Sipreshola = (M3 + my4)?. (Note that
s is Lorentz invariant so that this relation is true in any frame.) Thus, the minimum value
of K is Kihreshold = %[(mg + my4)? + m3 — m3] = ms(ms + my), which is always > 0. Given
D = /B2 + AC, it follows that (with |B| = v/B?)

D> |B| iff C>0, (292)
D < |B| iff C<o0. (293)
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Secondly, note that we need to consider forward and backward scattering separately because of
the following.
Forward scattering:

—g<9131<g => cosfi33 >0 => B> 0.

Backward scattering:

s ™
O131 < —— or f133 > — => cosbtiy33 <0 => B<O.

2 2
Now, write the solutions as
B+ D
Pl = S (294)
B-D
ol = 295
pal = S (295)

and note that
D >0 always.
i) First, consider the case of forward scattering, i.e. B > 0.
B >0, A>0always, D > 0 always, => |pJ;| >0,
and, with B > 0, A > 0 always, equations (292) and (293) imply that

Ip3;| > 0 (allowed physically) if [B|>D => C <0,
Ip5;| <0 (not allowed physically) if D> [B] => C >0.

Thus,

it ¢ <0 => bothroots |p§l! are allowed,
if C >0 => only oneroot |pJ|is allowed.

ii) Now, consider the case of backward scattering, i.e. B < 0.
B <0, A>0always, D > 0 always, => |p5| <0
and, with B < 0, A > 0 always, equations (292) and (293) imply that

Ip3;| > 0 (allowed physically) if D >|B| => C >0,
Ipa;| <0 (not allowed physically) if D < |B|] => C <O0.
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Thus,

If C <0 => bothroots |pj| are not allowed.
If C>0 => only oneroot |p3] is allowed.

iii) Now, combine the results for both forward and backward scattering and summarize as follows.

If C <0 => bothroots |p3| are either both allowed(forward scattering),
or both not allowed (backward scattering).
If C>0 => onlyoneroot |pj] is allowed,

(for both forward and backward scattering).

4.4 Further results

4.4.1 Momenta in the cm frame

We wish to prove that |ps.| = \/% and |pic| = %2. Note that using
1
Fany frame = 5 \% A12 ) (296)

these equations imply that

Fe=/sp1e| = (E1 + Ea)|pic| - (297)

We proceed with the proofs as follows. Eliminate p4 in terms of the incident energy. Write
the Mandelstam variable

s = (p1+p2)°=(ps+ps)?
(Ey + E2)? — (p1 +p2)” = (B3 + Eg)* — (p3 + pa)? . (298)

In the cm frame, p; + p2 = 0 = p3 + p4 and |p1| = |p2| = |pic| and |p3| = |[p4| = |pyc|- Thus,

s = (E1+ E9)* = (E3+ E4)* = F; + Ef + 2E3E,
= pl.+m}+ D+ mi+2\/(p3, + md) (D%, +m3) , (299)
and
s—mj—mi-2pf. = 2,/(p3. +m3)(ps, +m3). (300)

Squaring both sides gives

(s —m3 —m3)? — 4p3cc(s —m3 —m?) + 4p;1cc

= 4[p}, + PF.(m3 + m3) + m3m3] , (301)
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and

4p?ccs = (s—m3—m?3)? —4m3m}
= Als,m3,mi) = A4 , (302)
which gives [10] (p. 100)
A34
= —_—. 303
prl = % (303)

Similarly,
[A12
|pic| = Ts . (304)

Energies F1., E3. and E4. may be expressed in terms of the Mandelstam invariant s,

4.4.2 Energies in the cm frame

s = (p1 +p2)? = (B1+ E2)? — (p1 +p2)” . (305)

In the cm frame (with |pi| = |p2| = |p|),

Vs=FE +FEy, with E}=p*4+m} and FE?=p*+ms. (306)
Thus,
E3=FE} —m?+mj, (307)
giving
Vs—E, = F
= \/E} —m?+m} (308)
(Vs—E1)® = Ef —mi+mj
= s—\4sE, + E?. (309)
Thus,
s —V4sE; = —m?} 4+ m3 , (310)
giving
s+ m% - m%
Ei=—————>= 311
lc \/& ( )
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The result for Es. and Fy. are derived similarly [12] (p. 15). One can now calculate
|plc| = E%c - m% ) (312)

and the result agrees with the previously derived equation,

A12
ol = 1222 313
IPic| P (313)

4.4.3 Bounds on Mandelstam variable ¢

We wish to obtain formulas for ¢y and t¢,. Specifically, we will prove that

tO(tw) - (Elc - E3c)2 - (‘plc| + ‘p3c’>2
2 2 2 2
_ |mi—mg—m3+my| 2
i (Ipxe % Ipsc)
1
= —[(mf —m3 —m3+mi)? - (VA2 F V). (314)

4s

The notation F means that the equation for ¢ty has the — sign and the equation for ¢, has the
+ sign. We proceed with the proof as follows. The Mandelstam variable is

t = (p1—ps)?
= (B1—E3)%— (p1—p3)?, (315)
and we use
(p1—p3)? = |p1l* + |psl* — 2p1-p3

= |p1]* + |ps> — 2|p1||p3| cos
‘2

o0
= |p1* + |ps|® — 2|p1||ps|(1 — 2sin® 7)
2

. o0
= |p1]* + |psl® — 2|p1l|ps| + 4|p1|ps] sin® 3
. o0
= (Ip1] = Ips)* + 4|p1|ps|sin” . (316)
With the definitions, ty = ¢(0. = 0) and t, = t(0. = ), we get

t()(tw) = (Elc - E36)2 - (|plc’ + ’PScDQ (317)

as desired. For the proof of the second equation above, use the previously derived results,
s +m3 —m3

Vs

s—l—m%—mi

Elc = and E3C - \/@ )

(318)
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to give

(Bro— Bo)? = ™= mgﬁmg i (319)
which results in
t = (Eie— E3)® — (P1c — P3e)?
— (Fie— B3 — (p1| — ps))? — 4/pa|ps|sin® 2 . (320)

2
With the definitions tg = ¢(f. = 0) and t, = t(f. = 1), we obtain equation (314) as desired.

4.4.4 Momentum and energy thresholds

We now obtain lab energy and momentum thresholds. Consider the 2 - body reaction
1+2—3+4. (321)
We wish to prove the following results.

(a) If the lab momentum of particle 1 is py;, we will derive expressions for s = (p; + p2)? =
(ps +p4)2 in terms of Eq;, T1; and pq;.

(b) We will obtain the threshold value of s needed to produce the final state particles.

(c) We will obtain the threshold value of T3; needed to produce the final state particles.
We now proceed with the proofs as follows.

(a) Start with

s = (p1+p)’v
(B1+ E2)® — (p1+p2)° - (322)

In the lab frame, po = 0 and therefore E9; = my. Thus, in the lab frame

s = (By+m)?—p]
= FE}+2meEy +mj — pi

= mi +mj+2meEy = mi +mj + 2may/p}, +m3
= (m1+mg)?+2moTy, . (323)

(b) s is invariant. In the cm frame, s = (Ey + F»)? = (E3+ E4)? and so the threshold value is

Sthreshold = (m3 + m4)2 (324)

when the final state particles are all produced at rest.
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(c) Substituting into the equation above, we get

(mg + m4)2 — (m1 + m2)2

ng

T threshold = (325)

4.4.5 Relative scattering angle in the cm frame

Now consider the relative angle between the two final state particles. Consider the reaction
1+ 2 — 3+ 4. We can obtain some more useful results.

(a) We show that in the center of momentum frame, the particles 3 and 4 scatter at a relative
angle of 034, = 180°. We show this is true in both the non-relativistic and relativistic
cases.

(a) Now, consider the lab frame. We will show that

pi = p3 + P; + 2|ps||p4| cos Osy; . (326)

where 634 is the relative scattering angle between particles 3 and 4 in lab frame, and p
refers to the particle 3-momenta. We show this equation is true in both the non-relativistic
and relativistic cases.

(¢) Now, consider part b) for the case of elastic scattering, where all particle masses are equal.
In the non-relativistic case, we will show that the lab angle is 034 = 90°. (Note: In the
non-relativistic case, elastic scattering is defined as conservation of kinetic energy.)

(d) Again, consider part b) for the case of elastic scattering, where all particle masses are
equal. This time consider the relativistic case. Now, the scattering angle between the final
particles is not 90°, but is instead given by

15Ty . T3 (Tl - TS)

[ps|Ipal JT2 + om Ty /(T — T5)2 + 2m(Ty - T5)

where T3 and T are the kinetic energies of particles 3 and 4 and |ps| and |p4| are the
magnitudes of their 3-momenta. We prove this result for the relativistic case. Also, we
show how this reduces to the non-relativistic result 34 = 90° for small speeds. (Note:
In the relativistic case, elastic scattering is defined as conservation of kinetic energy and
mass. Small speed is equivalent to mass being much bigger than kinetic energy.)

cos O34 = (327)

We now prove these results as follows.

(a) The cm frame, in both the non-relativistic and relativistic cases, is defined by
p3+ps=0, (328)
giving
P3 = — P4, (329)
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implying that the relative angle in the center of momentum frame is

034, = 180° .
Alternative method:
P3 = —P4
Define
p; = pi =P}
Thus,
(p3+p1)’ =0 = D3+ pj+2[ps||pal cos Oz,
= Qp?c + Qp?c cos O34, .
Therefore,
2p3£ = —2p§c cos 034,
cosl3y, = -1
034 = 180°, in the cm frame .

(330)

(331)

(332)

(333)

(334)
(335)
(336)

This is true in both the non-relativistic and relativistic cases. No assumptions have been

made concerning mass or whether or not the scattering is elastic.

The lab frame in both the non-relativistic and relativistic cases is defined by

p2:0.

Conservation of 3-momentum becomes

P1+P2 = P3+P4
P1 = PpP3+ps, lab frame.
=> pi = p3+pj+2[ps||pa|cosbsy .

(337)

(338)
(339)
(340)

In the non-relativistic case, elastic scattering is defined by conservation of kinetic energy,

T = T5+Ty, lab frame.
U & S 1
2m 2m = 2m

=> pi = P3+DPi-

Substituting into equation (340) gives cos 34 = 0 or O34 = 90°.
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(d) In the relativistic case, total energy is always conserved,

FEi+FE, = B3+ Ey, (344)
Tir+mi+I5+me = T34+ m3+Ty+my. (345)

In relativistic elastic collisions, kinetic energy, rest energy and mass are all conserved.
Thus, for relativistic elastic collisions

N+T, = T3+1Ty, (346)
mi+mg = Mm3-+my. (347)

The second equation is of course true by our assumption of equal mass particles. In the
lab frame,

T, = T3+Ty lab frame (348)

which is the same as the non-relativistic case. However, now the expressions for kinetic
energy are different, namely

\/m—m = Vpi+tm—m+/pi+m—m, lab frame , (349)
\/erm = \/p§+m+\/pi+m

=F+m = E3+FE,, (350)

where we could have obtained this equation right away by setting Fs = m in equation
(344). This all illustrates how the conservation of energy and kinetic energy work out in
the relativistic case, and we have written this out for comparison to the non-relativstic
results. However, to actually get a result in terms of the angle 34, it is easier to work
with 4-vectors. Thus,

(p1+p2)* = (p3+p1)°, (351)
m% + m% + 2<E1E2 —P1- pQ) = m% + mi + 2(E3E4 — Ps3- p4) . (352)

Let m1 = mo = m3 = my = m. This implies elastic scattering, because mass is conserved
and as shown above, it implies conservation of kinetic energy. This gives

E1\Ey —p1-p2 = E3E;—p3-ps- (353)

The lab frame is defined with ps = 0, giving

mE1 = E3E4— ’p3|’p4|C089341 (354)
F3E, —mE
cos O3y Z8sa B (355)
P3l|p4l

Conservation of energy gives F1+ Fo = F3+F4 which, in the lab frame, is F1+m = E3+FEy,
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or F1 = E3+ E4 — m. Substitution gives

Ty

cosllzy = ——.
P3Pl

(356)

This is not the final answer, however, because T} = T3 + T giving T, = T7 — T5. Using

p?=FE?—m?=(T+m)?—m?="T%+2mT,

gives
p3 = T35 +2mT;
and
pi = T2+ 2mTy = (Ty — T3)* + 2m(Ty — T3) .
Thus,

3Ty T3(Ty — T3)

cos O34 =

P3Pl JT2 + om Ty /(T — T5)2 + 2m(T1 — T5)

(357)

(358)

(359)

(360)

In the non-relativistic limit, energy is dominated by rest mass energy. In other words,

m>>T.
Thus,
05 0 T3(Ty — T3)
\/Qng \/(QTI’L(Tl - Tg)
_ V(N - T3)
2m
~ 0, form>>T,
giving
«934[ ~ 90°
in the non-relativistic limit.
4.4.6 Equivalence of |p;.| and |py|
Consider the reaction
14+2—3+4.

o1

(361)

(362)

(363)



Consider the case when all the particle masses are equal, i.e. m1 = mo = mg = my = m. One

can show that |p;.| = |[Psc|- (See the previous results). Label

k= |pic| = [Pyl , (364)
and let the cm scattering angle between particles 1 and 3 be
O13. =6 . (365)
We will show the following results.
(a) s = 4(k?+m?), (366)
(b) t = —2k%(1 —cosf) = —4k*sin?(0/2) , (367)
(¢) u —2k*(1 + cos0) = —4k* cos?(6/2) . (368)
To show these results, we proceed as follows.
(a) Begin with
s = (p1+p2)°
= pi+p3+ 20
= m% + m% + 2(E1E2 — p1.p2) . (369)
In the cm frame, p; + p2 = 0 giving p1.p2 = —|p1|?> = —p2 = —k?. Thus
s = mi+md+2[/(k2 + md) (k2 +md) + k)
= 2m% +2(k* + m? + k?) with m; =ma=m
= 4(k* +m?) . (370)
(b) The Mandelstam variable is
t = (p1—ps)’
= pi+pi—2p1p3
= m% + m?)) — 2(E1E2 — pl.pg)
= m?+md—2/(p} +m?) (P +m3) + 21 |ps] cos b1 - (371)
In the cm frame, when mi = my = m3g = my = m, we have |p1c| = |p3c| = k, which gives
t = 2m? —2(k*+m?) + 2k*cos 6
—2k*(1 — cos ) = —4k*sin?(0/2) . (372)

02



(c) Changing 3 — 4 in the above gives

u = (p1—ps)’
= —2K*(1 —cosfyy)
—2k*[1 — cos(180 — 613)]
—2k?(1 + cos b13)
—2k%(1 + cos ) = —4k? cos?(0/2) where 6 = 6,5 . (373)

1
1

The relation 614 = 180 — 013 can be seen in figure 6.

Figure 6: The reaction, 1 +2 — 3 + 4, viewed in the cm frame.

4.4.7 Relationship of s and py;

For the reaction,
1+ 2 — anything ,
we now show that

s = m% + m% + 2m2Ell

= m%+m§+2m2\/p%l+m% , (374)

where py; is the momentum of particle 1 in the lab frame. This is proved as follows. The
Mandelstam variables is

s = (p1+p2)®=pi+ps+2p1.02
mi +mj + 2(E1Ey — p1.pa2) - (375)
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The lab (or target) frame is defined as the frame in which the target is at rest, namely pg; = 0.
Thus, equation (374) is obtained.

4.4.8 Threshold of s

For the reaction,
1+2—-3+4+45,

we now derive an expression for the threshold value of s in terms of mg,mg, ms only. We
proceed as follows. Our formula for the threshold kinetic energy was given in equation (325)
and generalizes to 3 final state particles as

(mg + my + m5)2 — (m1 + m2)2

Ty =
1 s

(376)

In the previous result, we showed that

s = mi+m3+2maFy =mi+m3+ 2ma(Ty +m)
= (m1+ m2)2 + 2moTy = (mq + mg)2 + (m3 +my + m5)2 — (m1 + mg)2
= (mz+myg+ms)?. (377)

An alternative derivation is

s = (p1+p2)°
(ps +pa+p5)?, (due to 4 — momentum conservation)

= (mz+ma+ms)?, (378)

because all final state particles are produced at rest in the cm frame at threshold.

5 Lorentz transformations

Cross sections are usually calculated in the center of momentum or projectile frames, but space
radiation transport codes require cross section formulas in the lab (spacecraft) frame. One
therefore must transform cross sections, angle, energies and momenta into the lab frame, by
using Lorentz transformations. The general formulas for doing this are derived in this section.

Suppose a frame S’ is moving at velocity v relative to a stationary frame S, as shown in
figure 7. We will always choose the longitudinal z direction to be in the direction of motion.
The transverse directions x and y will always be perpendicular to the velocity. The Lorentz
tranformations for transforming spacetime coordinates from one frame to another as shown in

figure 7 are
vy _ (v B t
(9) - (s () o
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and
¥ = =z v =y, (380)
where

B=v. (381)

!

Figure 7: Reference frame S’ moves at speed v relative to S.

Frame S moves relative to S’ at speed —v, as shown in figure 8. The inverse transformation is

(i> _<3ﬂ f)(t) (382)

Thus, the inverse transformations are obtained by swapping primes and unprimes and changing
the sign of v.

5.1 Lorentz transformations of energy and momentum

Consider a frame S’ moving at speed v relative to frame S. Now, imagine that a particle is
moving at velocity u in frame S’. (See figure 2-4 from Tipler [22].) If the particle has energy
and momentum E’ and p’ as measured in frame S’, the Lorentz transformation gives the energy
and momentum F and p measured in frame S.

The coordinates t and x form a 4-vector (¢,x) with an invariant squared length given by
52 = t? —x2. Similarly, for the energy-momentum 4-vector (E, p), the invariant squared ”length”
is E2 — p?> = m?. The E and p obey Lorentz transformations identical to ¢t and x:

EN\ -8 E
( v, ) B ( -8 ot ) ( o ) ’ (383)

Pl = D Py =Dy (384)
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Figure 8: Frame S viewed from S’.

It is often very useful to write this in terms of parallel momenta p| = p, and transverse momenta
PTa = Pz OF pTy = py. We often just write pr to denote either pr, or pry. The direction parallel
or transverse is defined in relation to the velocity of the frame S’. Thus, we write

ECN (o -3 E .
<pf|> B (—7/3 ’Y><p||>’ pr =D1 - (385)

5.2 Transformation between cm or projectile frame and lab (target) frame

Suppose we have quantities in the cm or projectile frames and we wish to transform to the
lab frame. The c¢cm frame moves at speed By relative to the lab frame. The corresponding -y
factor is labelled as 7. The projectile frame moves at speed (B relative to the lab frame. The
corresponding v factor is labelled as 7,;. The Lorentz transformations are

E. Vel —Y1 Bl E;
_ , R 386
( P« ) < — Y1 Bxl Yl Pl pr- =P (386)

and inverse transformations are

i Vel VB E,
- ’ = PTx 387
( le ) ( V*IB*Z Vil p”* pTi pr ( )

where

p|=p. = |p|cost, (388)
pr = |p|sinf . (389)

With the above notation, both cm and projectile frames are included. The notation is as follows.
A quantity xz, is the value of the quantity x evaluated in that particluar frame with

k—c or x=p, (390)
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and B, is the speed of that frame with respect to the lab with
B*Z = ﬁcl or ﬂ*l = Bpl . (391)

5.2.1 Evaluation of 5, and

Consider the non-relativistic case. For 2 particles, the position of the center of mass frame,
relative to an arbitrary origin, is defined via

miri] + maory

R = (392)
my + ma
giving the velocity of the cm frame as
Vv = v tmiva _ P11t P2 . (303)

mi + mg mi + mg

The velocity of the cm frame relative to the lab frame is obtained by setting ps = 0 to give

Pu
Vy=—"-— 394
ol mi + meo ’ ( )

where py; is the momentum of particle 1 (the projectile) in the lab frame. The relativistic case
follows similarly. For a single particle of mass m, p = ymv and F = ym giving

f=v = %, (395)
E
v ==, (396)
- P
wo= (397)

For a system of particles (Byckling [14] (p. 21) of total energy E = Ej + Es + --- and total
momentum p = p1 + p2 + - - -, the invariant mass is

M=\/E2—p?=1/s, (398)

which, for 2 particles, is [1]

M =\/(B1 + B2)” = (b1 +P2)” = Vs (399)

The velocity of the cm frame is

P_Pit+p2t--
—v = P_ 400
eV T BT BBy (400)
E B +EBEy+--
- = 401
gl A 75 , (401)
P _Pi1+P2+---
= P _ 402
B A NG (402)



For a system of 2 particles, the velocity of the cm frame relative to the lab frame is obtained by
setting pe = 0, to give [1]

Ba = ﬁ (403)
v = P (404)
YelBel = %, (405)
with
Vs = \/m?+mdt2mBy . (406)

where py; is the momentum of particle 1 (the projectile) in the lab frame. These results can
also be written in terms of invariants. It is straightforward to show that

\/@ = 2ma |[pul (407)

and because A is invariant, it does not need a frame label, i.e.

Vi (408)

’pll’ = .
2

2m

Substituting into the above expressions gives ([14] pps. 26 and 73)

VA2 (409)

b = s—mi+mj’
2 2
s —mi+mj
= 1 2 410
’YCl 2m2\/§ Y ( )
1 A2
= —/—. 411
/Yclﬁcl Mo 4s ( )
5.2.2 Evaluation of 3, and
Clearly,
Pu
, = P 412
o = (412
Ey Ty
= o422 413
Vpl "y + my ( )
Pu
= == 414
"Yplﬁpl my ’ ( )
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where T is the kinetic energy. Again, these results can also be written in terms of invariants. It
is straightforward to show that

VA2

= Y 415
Byl s _ % — % ] (415)
2 2
s —mj —mj
= -1 = 416
VA2
= . 41
’Yplﬂpl 2mims ( 7)

5.3 Energy transformations

The Lorentz transformation for energy from the lab (1) frame to the starred (x) frame is

Ee = ya(E — Bap)
Y1 (Ep — Bu|pi| cos b))

= Tl (El — BurJ E? — m?2 cos 91> . (418)

The derivative dE, /dEj is found by expressing cos6; in (254) in terms of Ej, and substituting for
cost; above to eliminate 6; and have FE, solely as a function of E;. The inverse transformation is

E = v (E* + Bar/ E2 — m?2 cos 0*> . (419)

5.4 Angle transformations

The angle is obtained from

pr

tanf = — . (420)
Pz
Thus, the angle of particle j is
Prj1 PT j*
tanf; = =
T pag Vil Bst Ejx + V1D jx
Py sin 6.

— . 421
Vsl (BarEjsx + |[Pjs| cos ) (42)

Defining ;. as the speed of the (cm or projectile) frame relative to the lab divided by the speed
of particle j in the (cm or projectile) frame

ﬂ*l

@ ) (422)

Oéj* =
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and using

|Pj|
B = Ej : (423)
we obtain
-
tan ;= ST : (424)

Yat (€08 0j5 + )

See references [20] (p. 402), [14] (p. 42), [12] (p. 17), [19] (p. 26). The above equation is a
complicated function of # because in general

ajr = oy (Eji) = (0 (425)
To make this explicit, the equation is written

sin 9]'*

tanf; = .
O S Teos 05, + ju(072)]

(426)

That is, in general, ax 1s a function of 0;., making tan0; a complicated function of 0j.. How-
ever, for the cm frame Ej. is not a function of 0;., meaning that oj. is not a function of 0;.
[14] (pp. 42, 58). Also, for a 3 - body final state Ej. is not a function of 6;. meaning that o, is
not a function of ;.. For * = ¢, this is plotted in references [14] (p. 43), [20] (p. 403), [23]. For
ajs > 1, the function is double valued. That is, two different angles in the (cm or projectile)
frame can give rise to the same angle in the lab frame for o, > 1. However, the two particles

can be distinguished by their energies, labelled for the cm frame as E]jtC [20] (p. 402). Later we

dcos 6,

Teosg-- Using sec?f — tan? § = 1 allows equation (426) to be re-written as

will need to evaluate

Yet[co8 O + atju(64)]
\/’731 [cos 0« + aju(85:)]2 + sin” 0

cosfj = (427)

which is written in terms of 6}, to be contrasted later with (433) written in terms of 6;. In

evaluating dcosbi one needs to be very careful, because, as stated above, o, is a function of 6.
dcos by’ ) ’ s Cbg j

That is, in general, ajx is a function of 0., making the evaluation of jccgssgi difficult. However,
for the cm frame, Ej. is not a function of 0;., meaning that aj. is not a function of 8. ([14]
pps. 42 and 58). This is also true for a 3 - body final state. Thus, for the cm frame we have

[14] (p. 59)

dcosfj Yt (1 + ajc cos bc)
decosbic [y (e + cos ;)2 + sin® 00]3/2

(428)

which is written in terms of 0;., to be contrasted later with [14] (p. 59) written in terms of 6;;.
Using exactly the same technique that was used to derive equation (426), we may also derive
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the following [14] (p. 42)

sin Hjl

tan 0 = , (429)
7 aleos 1 — oy (051)]
where
b}
g5 = Pl (130)
J B
+ B*l
of = =L (431)
J G
Again, we have been careful to note that aﬁ is a function of 0, i.e.
g = a5, (01) - (432)

This time the lab momentum and energy are double valued functions of the lab angle, as dis-
cussed previously. This is not the case in the cm frame. There, the energy and momentum are
independent of the angle. Now, equation (429) is a complicated function of 6;; because in general
aji = aji(0;1). An alternative to equation (429) is to invert equation (426) directly which leads
to [14] (p. 43, equation 8.32)

—Oéj*(gj*)%?l tan? Gﬂ + \/5
1+ ~2% tan?6,

cos O, = , (433)

which is written in terms of 6;;, in contrast with equation (427) written in terms of 6;,. The
term D is given by

D=1+ ’yfl tan? 011 — oajz* (054)] (434)
and using [14] (p. 43)
2 2 721 2 2
14~ tan” 0y = cos2 0y (1 — 5 cos”0y) , (435)

gives

—aju(05:)73[1 — cos? 0] + cos? 0,/ D
’yfl(l — Bfl cos? 0j;) '
This is still a complicated function of 6, through o, = aj*(Qj*). However, it has a big advantage

for the cm frame because, as discussed above, o is not a function of ;.. The derivative is [14]
(p- 59)

cos b, = (436)

dcos 0 _ cos 0 (ovje & ‘/5)2
dcosbj B 7021(1 - 5621 cos? ejl)Q (i\/ﬁ)
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1

2
_ |le|
IPjel ) (VD cos ;1)
+|pji|?

YalPjel(IPjil — Ejifer cos 051)

which is written in terms of 6}, in contrast with equation (428) written in terms of 6.

Ipji| given by (272) and Ej; = \/|pji|? + m? where

D =1+~Ztan®0;(1 — o7,) .

5.4.1 Evaluation of a3. and oy,

We have already obtained . in equation (409) above. Now,

IPjcl
e = 22
Jc ch

Using the results from section 4.2.1,

Pacl = [pael = [pre] = /2%,
4s
B _ 5%t m3 — m3
3c /—48
B 8 +m3 —m3
4c /—48
which gives
B = VA34
5 s+mi—m3’
Bh = VA34
de s+m3—m3’
which results in [14] (p. 73)
_ 6cl S + m% — mi A12
Q3¢ =5~ = o 2\
/830 S — ml + m2 )\34
_Ba_ s+mi—-m3 [An
e = 5= = 5 \[1
Baec § —mj +mj A34

i

)

(437)

Here,

(438)

(439)

(440)
(441)

(442)

(443)

(444)

(445)

(446)

We see that as. is the same as ay4. except for the interchange 3 < 4. This gives exactly the

same result as « in equation (12.51) of reference [20] and 7 in reference [19].
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5.5 Transformation of angular distributions

Suppose we have dé‘j in the cm or projectile frames and we wish to obtain % in the lab frame.
* J
Clearly,
do _ do  dcos 0, 7 (447)
dcos@j  dcostj, dcosbj
and using d) = 27wd(cos 0) gives
do :dCOSHj* do . (448)
del d cos (‘)jl de*
Using equation (428) gives
do [V%(eje +cosbjc)? +sin? ;%% do (449)
ddj N Yut|1 + e cos b | dQjc’

which agrees with Joachain [19] (equation 2.104). This is written in terms of 6., in contrast to
(450) written in terms of 6;,. Equation (449) is one of our most important results. It tells us
how to transform an angular distribution from the cm frame to the lab frame. The way to use it
is as follows. Suppose you want the lab frame angular distribution %’ﬂ evaluated at a particular
lab angle, say 0; = 45°. Then, evaluate the corresponding cm angle 0. by substituting 0; = 45°
into equation (433). This cm angle is simply substituted into the right hand side of equation

449), and the number obtained is the value of -22-. Now of course, because of the double valued
aQ;

nature of (433), you might get two angles, say 9;-’0 and Hj_c. If this occurs, it simply means
that there are two terms on the right hand side of (449) which must be added incoherently (i.e.
ordinary simple addition with no interference terms). However, equation (449) is inconvenient
in one sense. If we want the angular distribution ddTojl in the lab frame, then it would be very
nice to have it only as a function of the lab frame angle 6;;. But equation (449) is written in

terms of the cm angle ;.. Using reference [14] (p. 59) gives

do cos 01 (ase + @)2 do
dSdji V(L= B cos0)? (VD)  de

2
Pl 1 do
|ch\ (i\/BCOS 9]'[) dec
\le\z do
— . 450
Yer|Pje|(IPji| — Ejifer cos O1) dSje (450)

This is written in terms of j;, in contrast to equation (449) written in terms of 6;.. However,
the right hand side still contains dé—‘;c which is a function of 8;.. To eliminate this dependance,

substitute equation (436) wherever cos ;. appears in ﬁ. This will result in the right hand side
of equation (450) being only a function of #;;. Of course, it will be double valued sometimes.
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5.6 Double differential cross sections

In order to transform an area element such as dxdy or a volume element such as dxdydz, we
need to use the Jacobian defined as

Jx Oz

Ow,y) _ | ou ov |_0xdy Oyox (451)
o(u,v) %y % T Oudv  Oudv’

so that under a change of coordinates, an integral becomes

//f(x,y)d:vdy://f[:v(u,v),y(u,v)]ggz:gdudv, (452)
or, in other words,

9(z,y)
(u,v)

The proof of this is usually given in advanced calculus books. If several transformations need
to be carried out, we can use the chain rule properties of the Jacobian, namely

Oy -wn) _ 0w -w0) Oy1 - yn)
(21 2n) O(y1 -+ yn) 021" 2n) '

We are interested in relating the double differential cross section between the cm or projectile
frames and the lab frame, as in

dxdy =

dudv . (453)

(454)

dQO' d20' 8(Ej*,Qj*)

_ 7 455

which is the analog of equation (447). In the following analysis, it is essential that E; and 0,
are independent. This is true for 3 particles in the final state, but, as we saw previously, it is
not true for only 2 particles in the final state. Re-write the Lorentz transformations (387) as
(leaving off the index i)

E, = V*Z(El - /B*lle) s (456)
e = Yulp — Buky) , (457)
PT* = P11, (458)
or
E. = ~a(E; — Bulpi|cost) , (459)
‘p*| cosly, = ’Y*l(’Pl‘ cos 0 — ﬁ*lEl) ) (460)
|p«|sinf, = |p;|siné; . (461)
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Now our two independent variables are E and 6 (or Q). For the case of 8 or more particles in
the final state, E is no longer a function of 8. This makes calculation of the derivatives simpler
than for the case of only 2 final state particles. The above equation can be written as

E. = va (El — ﬂ*“/El2 — m?cos 05) , (462)
Yl 9

cosf, = <\/E —m2cos b — B*ZEZ> , 463

* |p*| l ( )

|p+«| sin 6,
= ) 464
|pi sin 0, (464)
The Jacobian is now easily evaluated as
E*,Q* i 9*
( ) _ o] _ sin. (465)
O(E, )  |p«|  sing
to give
d2o __sin 0« d*c (466)

dEjldel a Sinejl dEj*de* ’

in agreement with Joachain [19] (p. 30), Dedrick [23], and Byckling [14] (p. 60). This may be
expressed purely in terms of 6;; by using 433 to give 6;, in terms of 0;;.

5.7 Derivation of dcos#6;./dcos0
Equation (436) gives

—ajev2(1 — cos? 0j;) £ cos? 0,/ D

0. — ’ 467
COSUjc 73(1 _ 53 cos2 ejl) ( )
where
D =1+72tan’0;(1 - a2,). (468)
We will show that
dcosfjc. cos 0j; (aje = VD)? (469)
dcost;;  ~2(1 — 32 cos 9]2'1)2 (+vD)
To simplify the algebra, make the following definitions.
y = cosbj., (470)
= cosfj , (471)
e = 7, (472)
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Be = B,
ajc = o,
T dx
We have
_ —ay?(1 —2%) £22VD
VT A
where
f = —a*(1—2)+22VD,
g = YA-p%%)=7"- (" -1)7,

where we have used the result 7232 = 72 — 1. Note that we can also write

1
— 2 2
D=1+7(1-a’)(5~1).

Taking derivatives with respect to x, we obtain

D/ = —FC{ — Ckz) s
2 1— 052)
"= 20+%z+ |22VD — 7(7 ,
f gl /D
= +avVDf = +£207%2*VD+ 222D —~4*(1-a?),
= +2vVDgf = +2av*2*VD +22242D — (1 - o?)
T20y 2V D — 22492D + 44(1 — o?)2?
2

+20722*VD + 224D — 42(1 — o?)2? |
—(+2VDg'f) = +20~%2°VD F 207%2*VD — 22*D
:F2a74x2\/5 + 204741:4\/5 +22%4%D .

Putting this together gives
+2vVD(gf —d'f) = 22*’D+~'(1-a?) (=" 1)
—2(1 — a?)2? £+ 207222V D
~222(D + 20D + o?)
= 222} (a+VD)?,
finally giving

. 9f' —df 1 v?z*(a + v/D)?
YT T Y- (x2VD)
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(474)

(475)

(476)

(477)
(478)

(479)

(480)
(481)

(482)

(483)

(484)
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z(a £ v/D)?

= . 486
VL~ P2 (ED) o

Translating back into the original variables gives
dcostj. cos 01 (aje = VD)? (487)

deosy — ~2(1—B2cost?)?  (£vD)

6 Two body final state cross sections

Three dimensional radiation transport codes require differential cross sections in the lab (space-
craft) frame. However, calculations are most easily done in the center of momentum or projectile
frame. The previous section presented general results for Lorentz transforming cross sections,
energies, angle and momenta from one frame to another. Two body final state cross section
transformations are much more complicated than three or more bodies, because the energy and
angle are dependent variables for two body final states. The present section is a culmination
of this paper, in that explicit expressions are written down for Lorentz transforming 2 - body
final state cross sections. The key equations (558) - (561) tell one exactly how to transform a
2 - body final state angular distribution from the center of momentum to the lab (spacecraft)
frame, with all the relevant kinematic factors written in terms of lab variables.

6.1 Differential cross sections
6.1.1 General form of differential cross sections

The differential cross section is
_ S o 2i0 4 .
do = | MI"(27)"d®2(p1 + p2ips, pa) - (488)

Using e = (27)32F, the phase space factor is given by

dps dpa
d®y(p1 + p2;p3,pa) = &' (p1+p2 —ps —pa) (27325 (27)32E,
d3
= §(Ey + By — By — E) =22
6364
- ( 1 + E2 - E3 - E4) 7 d‘p4|dQ4 3 (489)
where it is now understoood that
P3 =P1+ P2~ P4, (490)

so that in the above equation, we have (with |p4|? = p3?)

By = yJoi+md, (491)
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By = (pi+p2—pa)?+mi. (492)

To eliminate the § function, we could now use the Ho-Kim phase space method discussed pre-
viously [10]. Simplify the above expression by writing

_ d|p4| /

so that d(E} + Ey) will kill the 6(Ey + By — Ej — Ey) term. Tt is actually 57 that we will

evaluate. We use d(E4 + E4) rather than just dE3 because both Ej and E4 have the term |p4]
present in them. The phase space factor then becomes

|P4’2 d|p4] .
dd : = ds) | 494
2(p1 + p2;p3,pa) ches d(EL + Ey) 4, (in general), (494)

which is identical in form to equation (73), because both phase space factors have a 2 - body
final state. (The latter equation is obtained from the former via the substitutions 1 — 4 and
2 — 3.) The Griffiths phase space method, follows exactly as discussed previously and will give
the same result. The differential cross section now becomes

do S 2 ’I)4|2 d|pa
= 5 IM|* = - ,
dQy  64miF ELEy d(Ej + Ey)

(in general), (495)
which agrees with Ho-Kim [10] (equation 4.57).

6.1.2 Angular distribution in cm frame

We now evaluate this expression by evaluating @ dpal ) particular frame. Evaluate the

El+E,)
differential cross section in the cm frame, where p; + p2 = 0 and Ef = /|p4|? + m% We obtain

d(Et+ E E'+FE
ABEE) gy Bt E (196)

Also,

Ipal*  d|pa]

6&64 d(Eé + E4)

p4| E3E,

= S e

eseq By + Ey ae
’P4|

4(2m)6 (Ef + Ey)

dQ4c

d®s(p1 + p2;p3,pa)e =

dQuc , (497)
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which compares to equation (82). The differential cross section is therefore

S S P4
do = —|MP?2n)*dd : = 2 4y, 498
o 1 MIT@m) d@a(p1 + pa; s, pa) 6i’F E, + IM|? dQue , (498)
giving
do S P4l 2
— , 499
dQy. 6472 F FEj + By M (499)

Now, use (21) for F with /s = E4 + E4. The angular distribution in the cm frame is, therefore
(with |pac| = |P3c| = |Pfc| and |pac| = [P1c| = |Pic| in the cm frame),

dO‘ o S pr 2
dQu. 64725 | pic M|
o S )\34 2
64m2s \ Ao M (500)

where we have used the following results,

A A
‘pfc| = \/47847 and ‘pic‘ = 47182 . (501)

d?zi is far superior to the former, because the latter is written in terms

of the single variable s, whereas the former appears to contain two independent variables p;.
and py.. This agrees with references [7] (p. 100), [14] (p. 80), [10] (p. 100), [2] (p. 200). A

similar formula for d‘é‘; is obtained by interchanging 3 < 4 to give ([14] p. 80)

The latter expression for

do  do
dQ3c B dQ4c .

(502)
The angle €23 is understood to be €213, the angle of particle 3 with respect to particle 1. Written
explicitly, the above formula becomes

do  do
dQ13c dQZZLc .

(503)

When scalar products are encountered such as ps - ps = |pa4||p2]| cos fa4, it becomes necessary to
specify relative angles such as 6o4.

6.1.3 ¢ distribution

The above results are often written in terms of the Mandelstam invariant variable ¢ defined as

t = (p1—p3)*=(p2—ps)?
m3 — 2E2Ey + 2py - pa + m3
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= mi—l—m%—2\/pi+mi\/p§+m§+2|p4\|p2\005924 , (504)
giving
dt = 2|p2||pal|d cos a4 , (505)

where o4 is the angle between ps and p4. Because of a minus sign ambiguity to come later, we
need now to thoroughly establish our convention for a solid angle. Thus, we now present some
elementary considerations. The solid angle is

dQ) = sinfdfdeo
= —dcosfdo
= —2mdcosf . (506)

Note that, when integrated this gives the total solid angle. This works as follows.
/7r sinfdf = [~ cosO]F = —[cosO))=F = —(-1—-1) =2, (507)
or equivalently,

/07r sin 0df = — /1_1 dcosf = —[cosO)°0=T1 = —(~1-1)=2. (508)

This gives the total solid angle as

/dQ = /d¢/sin9d9 = 27r/sin0d«9

-1
= —271'/ dcosf =4 . (509)
1

Using equations (505) and (506) gives dt = —1|po||p4|dQ2. Using

d do dSQ. d
S — o, (510)
dt — dQ. dt [P2c||Pac| dQ2
gives [10] (p. 101), with |pac| = |P1c| = |Pic|, and using equation (501) gives
do S 1 9
dt — 6dxs \pic\2|M|
S 2
T 16mA M
S 2
= — . 11
o1nr2 ™M (511)

Note that all these equations have a minus sign in front, which does not mean the cross section
is negative, because t takes on negative values. However, most authors, such as de Wit [7] (p.
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100), Ho-Kim [10] (p. 99), and Byckling [14] (p. 81) do not have a minus sign in such formulas.
The reason for this is that most authors write

dQ) = dcosfdp
= 2mdcosf (512)

instead of equation (506). This is explained as follows. Note that the same answer for equation
(508) is obtained with

cosf=—1 —

T 1
/ sin 0df = +/ dcosf = [cosO)%0=L = (1—-1)=2. (513)
0 -1

In other words, we can change the definition of solid angle to
dQ) = +42ndcost (514)

provided that it is understood that the limits of integration are reversed, as in equation (513).
This gives the same solid angle as obtained in equation (509) as

/ Q = +2r /_ lld(cose):47r. (515)

With this convention, the t integration also changes. Previously, with d2 = —2nd cos 0, the t
integration would have been fé}” dt where to = t(f = 0) and t, = ¢t(f = 7). However, with our
new convention, the ¢ integration must be

to
dQ = +2rdcosf => dt . (516)

tr
This will be important when we calculate the total cross section,

to do
= —dt . 517
A T (517)
However, because s+t +u =), m?, then w has opposite behaviour to ¢. Thus, if u integrations
are being performed, then it must be

az/"d"du. (518)

o du
With the above considerations, equations (511) then become

do S 1 9
dt 647rs|pic|2‘M‘

S 2
B 16%/\12‘/\/”
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S 2

where by (21)

A2 = (s —m? —m3)? — 4mim3 = 4F? . (520)

The above expressions for Ccll—‘; are valid in any frame because o and t are invariant. They agree

with references [1] (equation 34.30) and [14] (p. 81) and [10] (equation 4.62). The invariant
amplitude often consists of direct (t-channel) and exchange (u-channel) terms,

M= Mg+ M, . (521)

Cross sections, however, always involve the amplitude squared |M|?, and a new interference
term arises which is the cross term in the square. Thus,

IMP? = [Mal? + IMc|* + M2 (522)
where
IM;|> = 2MgM., . (523)

Thus, the cross section can be written as a direct, exchange and interference cross section,

% = 16;;12 Mgl (524)
d;e = 16;;12 Me[? (525)
dd? - 16:)\12 Ml = 167fA12 2MaMe . (526)
The total cross section will be
to d
o = N d—jdt
=04+ 0c+o; = t:O d;ddt—l—/tjo d;edt—i-/tjo %dt. (527)

When performing integrations to obtain total cross sections, one finds the analysis is much
simpler if the direct, exchange and interference terms are treated separately. Note that equation
(3.18) in reference [15] and equation (6) in reference [13] are incorrect; the factor 4 should

not appear in the denominator. In the notations of those references, the correct equation is
do __ L‘ M\Qi
dt — 64w IER
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6.1.4 Cross section units

We consider equation (519) to specifically show how cross section units can be checked. The
units of the formula (519) for do/dt are verified as follows. On the left hand side, o has units
of mb or GeV~2. The Mandelstam variable, ¢, has units of GeV2. Thus, do/dt has units of

mb/GeV? or GeV~*. The invariant amplitude will be of the form M = - _gan (for the direct
term), where t = (p; — p3)? and g is the coupling constant, and m is the mass of the exchange
particle. On the right hand side of (519), the coupling g has units of GeV? (in scalar theory),
thus M is dimensionless. A has units of GeV%. Thus, the right hand side has units of GeV ™4,

matching the left hand side.

6.1.5 Relation between j—& and ‘fi—‘t’

The differential cross section Z—‘Z can be thought of as an angular distribution because t is directly
related to the scattering angle cos 6. Re-writing equation (504) gives
t— ’I?’L% — mi +2FE5F,
2[pa2|[pa]

= cos Oy . (528)

In the cm frame, p1 + p2 = 0 = p3 + ps4 and |p1| = |p2| = |pic| and |p3| = [p4| = [Pyc|, which
gives equation (504) as

t = (pa—p2)?

= mi+m3 —2\/p}, +mi\/Pi +m3 + 2/ sl [Pic| cos fauc (529)

or
1

t = m% + mi + % {—\/()\12 + 4sm3) (N34 + 4sm?) + /A12A34 cos Oayc| (530)

using equation (501). Notice that when m; = mg = mg = my, this reduces to |ps.| = |pic|

which is used to obtain equation (6.51) in Griffiths [2]. This can also be written [16] (p. 8), [19]
(p- 31), [14] (pp. 79, 80),

s(t —u) + (mf — m3)(m3 —mj)
013, = . 531
costs V1234 (531)

Byckling [14] (p. 80) and Leon [12] (p. 16) also write equivalent expressions for the lab frame
angle. Byckling explains how to convert these expressions for the s, ¢, u channels. Using (514)
and (530), we obtain

V1234 _ Vs
———dcos) = ————

dt =
2s 4rs

s . (532)
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ddﬁ" is written directly in terms of the angular distribution ‘fl—‘;. Using equations (530) and (532),

we obtain [19] (p. 40)

do V23 do
dQoye  4mws  dt’

(533)

with t given by equation (530), where 6o4 = 64. Since 013 = 024 in the cm frame, dfyy/df13 =1,
therefore

do do dQ94 do

Az dQadQis dQos (534)
and
do  VAizAse do (535)
Az 4ws  dt
Now, ¢ can also be written as
t = (p3—m)°
= mi+mi —2,/p}, +m3\/p. +mi +2[pyel[pic| cos bz
1
= m% + m% + % |:—\/(/\12 + 4sm%)()\34 + 43m§) + v/ A12A34 cos 13| - (536)

Just as 0 has a minimum and maximum value (i.e. 0 and 7), so too does t. The minimum and
maximum values are denoted

to =t(0. =0), (537)
and

te=t(0. =) . (538)
These are given by [1] (p. 188), [10] (p. 101)

to(tr) = (E1c— E3C)2 — (Ip1el ¥ ’p3c|)2
[m%m%m§+mi

\/ZTS ‘| - (‘plc| + |p3c|)2
= [md =3 ) — (V¥ VA (59)

where the F notation means that ¢y has the — sign and ¢, has the + sign, i.e. typ = (Ei. —

Es3c)? — (|Ip1c] — |P3e))? and tr = (Eic — Esc)* — (|p1c] + |Pacl)?. Equation (539) is obtained by

substituting 0 and 7 into equation (536). It is also derived in section 4.4. In plotting an angular

distribution, cos # must not exceed the maximum and minimum values. Similarly, when plotting
do

the cross section 7, with ¢ on the horizontal axis, then ¢ must not exceed o or tr.
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6.1.6 Lab frame spectral distribution

In the following derivation, Ty is the kinetic energy of particle number 4. The Mandelstam
invariant ¢ is

t = (p1—p3)®=(p2—p1)?,
= m%—2E1E3+2p1'p3+m§ ,
= m3 —2FyE; + 2pa - ps +m7 . (540)

Previously, we used the 1,3 variables, but now it proves convenient to use the 2,4 variables
because the lab (target) frame is defined by ps = 0 giving E9 = mo and we obtain

t = m3—2moEy+m?, (541)
or, since By =Ty + my,
t = (mg —my)? — 2maTy , (542)
which gives
dt = —2mg dTy; . (543)

de Wit [7] (p. 101) chooses particle number 4 as the target recoil particle. Notice that there
is no 4 appearing in the above two expressions. This makes sense because in the lab frame
particle 2 is at rest and so it is impossible to have an angle defined relative to particle 2. Using
equations (542) and (543), we obtain the lab frame spectral distribution of particle 4 ([7] (p.
101)

do do do
= = —9mMy— 544
dTy  dEy 2t (544)
with t given by equation (542). We also have by (533)
—dg = —=2m d—g
ATy > dt
_ 8mmgas do
VA12A34 d€4c
2mmeg  do (545)

Pic|Psel duc

The spectral distribution of particle 3 is now easily obtained. Conservation of energy gives

Ey+ By = B3+ Ey
= constant. (546)
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Thus,

dE3 = —dEy , (547)
ATy = —dTy . (548)

Alternatively, we could have substituted energy conservation in the lab frame, Fy = E14+mo— Ej3
into equation (542), to obtain

t =mj —m3 + 2ma(Ty + m3 — Ey) (549)
giving
dt = 2m2dTgl . (550)
Thus,
do do do
= — 4 9%me— 551
ATy dBy Mg (551)

with t given by equation (549).

6.1.7 Lab frame angular distribution

To obtain the angular distribution in terms of ‘3—‘;, solve (256) for cos 613, and differentiate, as in

E3(Ey + ma) — 5(m3 +m3 + 2maEy + m} — m?)

cosbizy = (552)
IPullpail
d(cosbiz)  d(cosbiz)  Esz(mi+m3+m3—mi+2moEy) — 2m3(Ey + mo)
dEgl dTgl 2 /E%l _ m% (E?%l _ m§)3/2
(lab frame) , (553)

which, upon substitution into equation (551), and with the implied integral over d¢, dQ) =
27 d(cos 0), gives

do — _ my [Pul|pPsi] do
dfds ™ |Ey 4+ mg — %Egl cos 013 dt

2. /E2 —m?2 (E2_m2)3/2 d
_ me et U 7 (554)

7 | Esi(m? 4+ m3 +m2 —m2 + 2Eymy) — 2m2(Ey +mg)| dt’

with t given by equation (255). In equation (554), the tall absolute value brackets are necessary.
Es; is a function of 6, as shown in equation (265), where in general Ej3; is a double - valued
function of 0, and dFE3;/d(cos f3;) can have both positive and negative values. However, do/ds
is positive definite, therefore, must depend only on the absolute value of d(cos63;)/dEs;. By
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substituting for F3; from (265), (554) is expressed entirely in terms of 63;,. Equation (554) agrees
with Ho-Kim [10] (p. 101) , Byckling [14] (p. 80), and deWit [7] (p. 101). Note that if equation
(553) is substituted into the left hand side of equation (554), a large cancellation of terms on
the left and right hand sides takes place and one is left back with equation (551), again showing
the equivalence of j—% and 2% in the lab frame.

We now present an alternative derivation of the above results. We evaluate equation (495)

in the lab frame, defined as po; = 0. This means evaluating % in the lab frame. EY,
becomes
Ey = \/(pu —pu)?+mi= \/!DU!Q + [par|? = 2|pul|pu| cos 0 + m3 (555)

with 0 = 0. This gives

d(Ey, + E Bl + Eyu(l —acost
WL B _ Bt Pl L (556)
d|pa E} By
where
o= Pl (557)
P4l
Thus
do S P4 2
= . 558
dQy  64m?F El + Ey(l — accosf) M (558)
Using equation (25) for F; = ma|py| and Ey + Ey = Ey; + mgo = Eg; + Ey; gives
do_ _5_|Pu L M2 (559)
d€dy 64m2my | p1y Eyp 4+ mo — % Ey; cos Oy 7

which agrees with Byckling [14] (p. 80) and Ho-Kim [10] (equation 4.64). A similar formula for

—49_ i5 obtained by interchanging 3 < 4 to give Byckling [14] (p. 80)

dQ3;
d S 1
g _ . b3l IM|?. (560)
dd3; 64m*ma [Pl By + my — PUL| F3 cos O3
Upon combining (535) with (554), one obtains
do _  4mas IPul[psi| do
dQs; vV A12A34 Eiy+mo — %Egl cos 013; d{3c
_ Amas 2/ By —m# (B3 — m3)*/? do (561)
Vs | Ba(mf +m3 +m3 —mi + 2Buma) — 2m3(By +ma) | dse
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which provides a way of transforming a cm frame angular distribution to a lab frame distribution.
This provides an alternative to equation (450). Performing a numerical evaluation of equations
(450) and (561), which must give the same answer, enables one to perform an excellent test of
these results.

7 Conclusions

This paper has provided a thorough discussion of the transformation of 3 - dimensional differ-
ential cross sections from the projectile or center of momentum frames to the lab frame. This is
important because transport codes require all cross sections in the lab frame. Several important
issues, such as the use of double valued and infinite functions have been discussed extensively.
Such a detailed and comprehensive treatment does not appear in previous literature. Special
attention has been paid to writing differential cross sections entirely in terms of lab variables,
because these are used in 3 - dimensional radiation transport codes. 2 - body final state cross
sections are much more complicated than 3 - body final states, because the energy and angle are
dependent variables. Equations (558) - (561) tell one exactly how to transform a 2 - body final
state angular distribution from the center of momentum frame to the lab (spacecraft) frame,
with all the relevant kinematic factors written in terms of lab variables. These results will be
very useful in enhancing space radiation transport codes, such as HZETRN, to be capable of
fully 3 - dimensional transport.

References

[1] W. M. Yao et al., J. Phys. G 33, 1 (2006).
[2] D. Griffiths, Introduction to elementary particles. (Wiley, New York, 1987).

[3] M. E. Peskin and D. V. Schroeder, An introduction to quantum field theory, (Perseus books,
Reading, Massachusetts, 1995).

[4] W. Greiner and J. Reinhardt, Field quantization, (Springer, New York, 1996).

[5] W. Greiner and J. Reinhardt, Quantum electrodynamics, 2nd ed., (Springer, New York,
1996).

[6] F. Gross, Relativistic quantum mechanics and field theory, (Wiley, New York, 1993).

[7] B. de Wit and J. Smith, Field theory in particle physics. (North-Holland, Amsterdam,
1986).

[8] M. D. Scadron, Advanced quantum theory, (Springer-Verlag, New York, 1979).

[9] J. D. Bjorken and S. D. Drell, Relativistic quantum mechanics, (McGraw-Hill, New York,
1964).

78



[10] Q. Ho-Kim and P. Xuan Yem, Elementary particles and their interactions, (Springer, New
York, 1998).

[11] I. J. R. Aitchison and A. J. G. Hey, Gauge theories in particle physics, 3rd ed., (Institute
of Physics, Bristol, 2003).

[12] M. Leon, Particle physics: an introduction, (Academic Press, New York, 1973).
[13] V. Dmitriev, O. Sushkov, and C. Gaarde, Nucl. Phys. A 459, 503 (1986).
[14] E. Byckling and K. Kajantie, Particle kinematics, (Wiley, New York, 1973).

[15] F. A. Cucinotta, J. W. Wilson and J. W. Norbury, Parameterizations of pion energy spec-
trum in nucleon - nucleon collisions, NASA Technical memorandum TM - 1998 - 208722.

[16] H. Pilkuhn, The interactions of hadrons, (North-Holland, Amsterdam, 1967).

[17] J. W. Norbury, Phys. Rev. D 42, 3696 (1993).

[18] M. Vidovic, M. Greiner, C. Best and G. Soff, Phys. Rev. C 47, 2308 (1993).

[19] C. J. Joachain, Quantum collision theory, (North-Holland, Amsterdam, 1983).

[20] J. D. Jackson, Classical electrodynamics, 1st ed., (Wiley, New York, 1972).

[21] R. Hagedorn, Relativistic kinematics (Benjamin, New York, 1963).

[22] P. A. Tipler and R. A. llewellyn, Modern physics, 3rd ed., (Freeman, New York, 1999).

[23] K. G. Dedrick, Rev. Mod. Phys. 34, 429 (1962).

79



REPORT DOCUMENTATION PAGE

Form Approved
OMB No. 0704-0188

The public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources,
gathering and maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this
collection of information, including suggestions for reducing this burden, to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and
Reports (0704-0188), 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person
shall be subject to any penalty for failing to comply with a collection of information if it does not display a currently valid OMB control number.

PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1. REPORT DATE (DD-MM-YYYY)

01-11 - 2008

2. REPORT TYPE
Technical Publication

3. DATES COVERED (From - To)

4. TITLE AND SUBTITLE

Differential Cross Section Kinematics for 3-Dimensional Transport Codes

5a. CONTRACT NUMBER

5b. GRANT NUMBER

5c. PROGRAM ELEMENT NUMBER

6. AUTHOR(S)

Norbury, John W.; and Dick, Frank

5d. PROJECT NUMBER

5e. TASK NUMBER

5f. WORK UNIT NUMBER
651549.02.07.01

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES)

NASA Langley Research Center
Hampton, VA 23681-2199

8. PERFORMING ORGANIZATION
REPORT NUMBER

L-19382

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES)

National Aeronautics and Space Administration
Washington, DC 20546-0001

10. SPONSOR/MONITOR'S ACRONYM(S)
NASA

11. SPONSOR/MONITOR'S REPORT
NUMBER(S)

NASA/TP-2008-215543

12. DISTRIBUTION/AVAILABILITY STATEMENT
Unclassified - Unlimited
Subject Category 93

Availability: NASA CASI (301) 621-0390

13. SUPPLEMENTARY NOTES

14. ABSTRACT

In support of the development of 3-dimensional transport codes, this paper derives the relevant relativistic particle kinematic
theory. Formulas are given for invariant, spectral and angular distributions in both the lab (spacecraft) and center of
momentum frames, for collisionsinvolving 2, 3 and n - body final states.

15. SUBJECT TERMS
Cross sections; Relativistic kinematics

16. SECURITY CLASSIFICATION OF:

a. REPORT

U

b. ABSTRACT

U

c. THIS PAGE

U

17. LIMITATION OF
ABSTRACT

uu

18. NUMBER
OF
PAGES

90

19a. NAME OF RESPONSIBLE PERSON
STI Help Desk (email: help@sti.nasa.gov)

19b. TELEPHONE NUMBER (Include area code)
(301) 621-0390

Standard Form 298 (Rev. 8-98)
Prescribed by ANSI Std. 239.18






